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Abstract

The quark–gluon plasma produced in high energy collisions between large nuclei pro-
vides a unique window into the rich many-body structure of the theory of the strong
nuclear force, Quantum Chromodynamics (QCD). The theory and phenomenology
of quark–gluon plasma is diverse and comprises varied conceptual frameworks for
understanding the structure of this exotic material and how it forms and evolves in
heavy-ion collisions. In this thesis, we cover aspects from three principal approaches:
collectivity and the onset of hydrodynamic behavior in the quark–gluon plasma, en-
ergy loss and modification of high-energy particles through their interaction with the
quark–gluon plasma, and a conjectured critical point in the phase diagram of QCD
that may be passed in heavy-ion collisions. We first make a novel conjecture that
the very early onset of hydrodynamic-like (attractor) behavior occurs because the
system evolution is dominated by a reduced set of “pre-hydrodynamic” modes. In a
simple model, these modes are the instantaneous ground state modes of an effective
Hamiltonian that evolve into hydrodynamic modes in the hydrodynamic limit. Next
we demonstrate an analysis method to compare jets in proton–proton and heavy-ion
collisions that were more similar when they were produced. This method enables a
direct measurement of the average energy loss of jets as a function of their energy,
in addition to clarifying the interpretation of jet modification measurements. We
further illustrate an analysis method to disentangle the modification of quark- and
gluon-initiated jets in heavy-ion collisions. We provide a proof-of-concept that the
quark and gluon fractions and the modification of quark and gluon jets can be sep-
arately estimated in heavy-ion collision experiments. Finally, we describe additional
signatures of a critical point in the QCD phase diagram accessible in the Beam En-
ergy Scan experiments by using a rapidity scan to probe more local structure of the
phase diagram at each beam energy.

Thesis Supervisor: Krishna Rajagopal
Title: William A.M. Burden Professor of Physics
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Chapter 1

Introduction

Quantum Chromodynamics (QCD) is the theory of the strong nuclear force and

governs the properties of almost all matter in our universe. The fundamental particles

in QCD are quarks and gluons that carry and interact via the QCD charge, “color”.

One of the most unique features of QCD is a coupling strength that is large for

interactions with low momentum transfer and small for those with large momentum

transfer [8, 9]. Strong interactions at low momentum transfer leads to the famous

property of confinement in QCD: at low energies colored objects (quarks and gluons)

are always confined within color-neutral states like protons, neutrons, and pions.

Therefore all of the matter that we see in the universe is composite states of two,

three, or more quarks and gluons. Sophisticated numerical simulations of QCD at low

energies, lattice QCD, have been tremendously successful at describing the properties

of these bound states from the first-principles dynamics of quarks and gluons [10].

On the other hand, the weak coupling of QCD for processes with high momentum

transfer has enabled immense progress on understanding the interactions of quarks,

gluons, and other fundamental particles in high energy proton-proton collisions at the

Large Hadron Collider (LHC). Though the particles detected in these experiments are

still hadrons, weakly-coupled QCD has been remarkably successful at describing these

processes in terms of the interactions between quarks and gluons.

However, as encompassed concisely in the profound observation of Phil Anderson,

“more is different” [11]. The aftermath of proton-proton collisions, for example at the
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LHC, is relatively dilute with few total interactions between quarks and gluons. In

high-energy collisions between larger systems like heavy nuclei, the situation is much

different. The density of interactions is high enough that it makes sense not to talk

about individual quarks and gluons but to talk about a material whose properties

are the manifestation of a macroscopic number of those interactions. Unlike in more

dilute systems, this material can be characterized by macroscopic properties like tem-

perature and pressure, as for more everyday materials like water. At extremely high

temperatures or (baryon number) densities, the hadronic matter that we experience

in everyday life (like protons and neutrons) undergoes a “deconfinement transition”,

where the quarks and gluons usually confined inside of these composite states become

unbound, though their coupling is still strong. The resulting material formed from

deconfined quarks and gluons is called quark-gluon plasma. This transition is illus-

trated in Fig. 1-1. Heavy-ion collisions are thus a unique opportunity to study the

properties of a macroscopic droplet of a material whose underlying constituents are

quarks and gluons.

Quark–gluon plasma has been created in high-energy collisions between gold nu-

clei at the Relativistic Heavy Ion Collider (RHIC) at Brookhaven National Lab

[12, 13, 14, 15, 16], and in collisions of lead nuclei at the Large Hadron Collider

(LHC) at CERN [17, 18, 19]. This discovery ushered in an era of trying to under-

stand the properties of this exotic material experimentally. This area is particularly

exciting because first-principles QCD calculations in this regime are infeasible, and so

in many ways everything about the properties of this matter is uncharted theoretical

(and experimental) territory. In addition, the experimental and phenomenological

challenges are significant: the quark-gluon plasma only exists for about 10−23 seconds

before it turns back into the pions, protons, and other hadrons that are observed at

the detector. This makes the data analysis and interpretation challenging because all

of the dynamics of the collision must be inferred from particles measured long after

the plasma is gone.

There are two principal strategies that can be used to study the properties of

any fluid. The first is to study how it flows around obstacles or expands, which is

18



Figure 1-1: A schematic picture of the phase diagram of Quantum Chromodynamics
(QCD). At low energies and densities, quarks and gluons are confined in hadrons like
protons and neutrons, which themselves are the building blocks of the atomic nuclei
that we see around us. At high energies or densities, quarks and gluons become
deconfined and form a state of matter called quark-gluon plasma. These extremely
high temperatures can be accessed in collisions of large nuclei at the Large Hadron
Collider (LHC) and the Relativistic Heavy-Ion Collider (RHIC) as illustrated by the
orange and yellow arrows. The conjectured (but not yet confirmed) critical point in
the phase diagram being searched for at RHIC is illustrated by the white dot. Figure
reproduced from Ref. [1].
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sensitive to macroscopic properties of the fluid like shear viscosity. The second is

to shoot high-energy particles through a vat of the fluid and to study how they lose

energy and are deflected. This is a famous way to study the microscopic degrees of

freedom of a material, and the wake of these high-energy particles in the fluid also

probes its far-from-equilibrium response. These two conceptual approaches are both

cornerstone methods for studying the properties of the quark-gluon plasma produced

in heavy-ion collisions.

The flow and expansion of the droplet of quark-gluon plasma produced in a heavy-

ion collision cannot be observed directly since real-time measurements are impossible

due to its extremely short lifetime (around 10−23 seconds). However, correlations be-

tween particles produced from the quark-gluon plasma are sensitive to the dynamics

that generated those correlations. In particular, it is anticipated that collisions be-

tween large nuclei at non-zero impact parameter have an elliptic overlap region (see

Fig. 1-2a) that produces a dominant elliptic geometry of the quark-gluon plasma cre-

ated in the collision. The correlations that result from this initial spatial anisotropy

are sensitive to the underlying interactions. Without any interactions between par-

ticles (“free-streaming”), the expansion is uniform regardless of the initial spatial

anisotropy. A characteristic feature of hydrodynamics, on the other hand, is that

anisotropic pressure gradients resulting from spatial anisotropy drive faster expansion

along the direction of higher pressure gradients. This translates spatial anisotropy

into momentum anisotropy, with an efficiency dictated by dissipation in the fluid (e.g.,

shear viscosity). Specifically, dissipation tends to isotropize the momentum distribu-

tion by transferring spatial anisotropy into random thermal motion, while fluids with

very low dissipation exhibit “collective flow” where spatial and momentum anisotropy

are easily interchanged. Measurements of a large “ellipticity” coefficient 𝑣2 of the

momentum anisotropy of particles produced from the quark gluon plasma suggest a

hydrodynamic description of a fluid with low dissipation, and put constraints on the

ratio of shear viscosity to entropy density 𝜂/𝑠 for the produced fluid (see Fig. 1-2b

for an example and Ref. [20] for a comprehensive review).

The short lifetime of the quark–gluon plasma also makes it impossible to use an
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(a) Typical geometry of a Pb–Pb collision at the LHC from Monte Carlo Glauber calcu-
lations. Nucleons that participate in the collision are indicated by solid lines and specator
nucleons are represented by dashed lines. The non-zero impact parameter of the colli-
sion produces a dominant elliptical shape of participant nucleons. Figure reproduced from
Ref. [21].

(b) Elliptic flow coefficient 𝑣2 as a function of of transverse momentum 𝑝𝑇 of particles
produced in the collision as measured by the STAR experiment Ref. [22] (black) compared
to early hydrodynamic simulations with different values of the ratio of shear viscosity to
entropy density, 𝜂/𝑠, which characterizes dissipation in the fluid. Figure reproduced from
Ref. [23]. The extraction of 𝜂/𝑠 became more precise with later 3+1-dimensional simulations,
e.g., Ref. [24].
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(a) (b)

Figure 1-3: Example displays of events containing jets in (a) proton–proton and (b)
heavy-ion collisions as measured by the CMS experiment at the LHC. Jets are shown
as large blue and red towers. While back-to-back jets in proton–proton collisions
are relatively balanced in energy due to momentum conservation, a much higher
asymmetry is observed in heavy-ion collisions due to energy loss of jets in the quark–
gluon plasma.

external high-energy probe (for example, an electron beam) to study its structure

in the way that it is done for other materials. However, there are natural high-

energy probes that are produced in the collision that can be used. In both proton–

proton and heavy-ion collisions, there can be very high energy transfer interactions

between constituent quarks or gluons in the participating nucleons. The result of

these interactions between constituent quarks and gluons are collimated sprays of very

high-energy particles, called jets, that are produced copiously in sufficiently-energetic

proton–proton collisions. The production of jets in nucleus–nucleus collisions is very

similar, but unlike in proton–proton collisions those sprays of particles produced

in heavy-ion collisions must also punch through the quark–gluon plasma. Fig. 1-3

shows displays of events containing jets in proton–proton and heavy-ion collisions.

Modifications of the yields and structure of jets in heavy-ion collisions compared

to proton–proton collisions provides an important handle on the interaction of the

quark–gluon plasma with high-energy particles that pass through it.

Over the years since its discovery, several important conclusions have been drawn

about quark–gluon plasma:

1. Quark–gluon plasma has an anomalously low ratio of shear viscosity
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to entropy density. Fits of measured flow harmonics to sophisticated hydro-

dynamic simulations suggest values of 0 < 𝜂/𝑠 . 0.2 in natural units (e.g., [24],

[20]). This is the lowest value for this ratio observed in any fluid and suggests

that quark–gluon plasma is a more perfect liquid even than, e.g., superfluid

helium [25]. The shear viscosity 𝜂 is actually large for quark–gluon plasma, but

the dimensionless ratio 𝜂/𝑠 makes it possible to compare fluids across many

orders of magnitude in the entropy density 𝑠. The uncertainty relation in quan-

tum mechanics implies that there should be an absolute lower bound on 𝜂/𝑠.

Calculations in string theory have conjectured the bound 𝜂/𝑠 ≥ 1/4𝜋 ∼ 0.08

for any physical fluid [26], which appears to be nearly saturated by quark–gluon

plasma. The extremely low value of 𝜂/𝑠 for quark–gluon plasma suggests that

its constituents are very strongly-coupled among themselves; see Ref. [25] for a

review.

2. Quark–gluon plasma is semi-opaque to high-energy particles. This is

evidenced most cleanly by the observation of substantial suppression of the yield

of high-energy jets in heavy-ion collisions compared to proton–proton collisions

[27, 28, 29]. Fig. 1-4a shows measurements of the ratio of the yield of jets in

heavy-ion collisions compared to proton–proton collisions at the LHC as a func-

tion of their transverse momentum 𝑝𝑇 , normalized by the expected number of

binary proton–proton collisions. The fact that this ratio is below one indicates

that jets in heavy-ion collisions lose energy, so that at each 𝑝𝑇 there are fewer

jets in heavy-ion collisions compared to the proton–proton baseline. Another

important signature is the observation of enhanced momentum asymmetry of

back-to-back jet pairs in heavy-ion collisions compared to proton–proton colli-

sions [18, 19, 30], indicating a mechanism for different energy loss of back-to-

back jets in the quark–gluon plasma. Fig. 1-4b shows such a measurement from

Ref. [31].

As with any exciting discovery, however, the discovery of quark-gluon plasma

posed more questions than it solved. There remain many outstanding questions and
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(a) Nuclear modification factor 𝑅𝐴𝐴 for jets in heavy-ion collisions as measured by the
three LHC experiments. Figure made by Raghav Kunnawalkam Elayavalli and reproduced
from Ref. [32].

(b) Enhanced asymmetry of the transverse momentum 𝑝𝑇 of back-to-back dijet pairs in
central heavy-ion collisions (right) compared to peripheral collisions (left) as measured in
Ref. [31]. Figure reproduced from Ref. [33]
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puzzles that motivate current and future work. In the following we will briefly discuss

the context for several such questions in turn.

1. What can be inferred about quark–gluon plasma from the success of

hydrodynamic modelling? Relativistic hydrodynamic modelling has been

widely successful in describing varied facets of the phenomenology of particle

production and correlations around the scale of the plasma temperature. How-

ever, hydrodynamics is formulated as a long-wavelength effective theory based

on a gradient expansion around local equilibrium. The anticipated regime of

applicability of hydrodynamics is therefore for systems that are close to local

equilibrium. For the phenomenology of heavy-ion collisions, a hydrodynamic de-

scription of quark–gluon plasma is typically employed starting from very early

times (∼ 0.6 − 1 fm/c) after the collision when presumably gradients are very

large and the system is still very far from local equilibrium (see Ref. [20] for

a review). The success of such hydrodynamic descriptions necessitates under-

standing the origin of this “unreasonable effectiveness” of hydrodynamics in

heavy-ion collisions. In particular, does the success of hydrodynamics imply

that the system is close to local equilibrium, or do the phenomenological con-

sequences of hydrodynamics persist even when the system is not close to local

equilibrium?

Crucial to this discussion is what is meant by hydrodynamics. Imagine a system

that is “struck” with some external perturbation at 𝑡 = 0. In general such a

perturbation will excite many modes in the system. At late times, however,

the response of the system will be governed just by the modes that are asso-

ciated with conservation laws, like the conservation of energy and momentum.

These are the so-called “hydrodynamic modes”. The transient modes excited at

early times are “non-hydrodynamic modes” in the sense that they depend on

the microscopic structure of the system and are not associated with any con-

servation laws. In practice, however, relativistic formulations of Navier-Stokes

hydrodynamics are acausal, with the group velocity of the shear mode 𝑣𝑔 ∼ 𝑘
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Figure 1-5: Demonstration of attractor behavior for three microscopic theories:
rBRSSS (causal version of second-order hydrodynamics, see Ref. [2]), Boltzmann
(kinetic theory), and AdS/CFT (𝒩 = 4 SYM). Shown is a quantity related to the
ratio of the longitudinal pressure to the energy density as a function of the proper
time 𝜏 rescaled by the temperature 𝑇 (the combination 𝜏𝑇 is the inverse gradient
strength). Numerical solutions to the full microscopic dynamics for many initial con-
ditions (grey) converge to the attractor solution (black) while the system is still far
from the hydrodynamic limit (red dashed). Solutions to first- and second-order hy-
drodynamics agree quantitatively with the attractor while the system is still far from
equilibrium. Figure reproduced from Ref. [3].

becoming arbitrarily large when 𝑘 → ∞ [20]. Since the regime of validity of hy-

drodynamics is small 𝑘, this is not a priori a problem, but it renders the theory

unstable in practice [20]. All known stable and causal relativistic formulations

of hydrodynamics contain a non-hydrodynamic mode or modes to regulate this

behavior [20, 34].

In a groundbreaking paper (Ref. [35]), Heller and Spaliński showed that a system

undergoing boost-invariant longitudinal (Bjorken) expansion in Müller-Israel-

Stewart theory possesses an attractor solution. This attractor can be obtained

by resumming the hydrodynamic gradient series to all orders, thus providing

a far-from-equilibrium generalization of hydrodynamics. They observed that

different initial conditions are described by a universal curve (the attractor)

starting at early times when the system is still far from equilibrium. They
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showed that in this case, solutions of first- and second-order hydrodynamics

agree with the attractor while the system is still relatively far from equilib-

rium. Ref. [3] demonstrated similar behavior for conformal systems undergo-

ing Bjorken expansion in several other microscopic theories, as seen in Fig. 1-

5 (these results are particularly striking since the microscopic theories under

consideration include both a weakly-coupled kinetic theory calculation and an

infinitely strongly-coupled calculation). These and similar observations have

suggested the possibility that hydrodynamics may provide an accurate phe-

nomenological description outside of its naïve regime of applicability. However,

the theoretical reason for this observation, and whether it extends to general

systems (e.g. with less symmetry), remains an open question.

In Chapter 3 we present a novel perspective on the physical intuition of the at-

tractor based on the adiabatic theorem in quantum mechanics. We show that,

at early times, very rapid longitudinal expansion drives the system into the in-

stantaneous ground state of an effective Hamiltonian describing its evolution.

Once in this instantaneous ground state, the system evolves “adiabatically” in

the sense that its evolution remains described by the (evolving) instantaneous

ground state. In a simple model, we argue that the far-from-equilibrium evolu-

tion is described by a reduced set of “pre-hydrodynamic” modes, corresponding

to the instantaneous ground state, that evolve into hydrodynamic modes in the

hydrodynamic limit.

2. What is the microscopic structure of quark–gluon plasma? As dis-

cussed previously, measurements of flow coefficients combined with hydrody-

namic modelling suggest that quark–gluon plasma is the most strongly-interacting

fluid ever observed, which implies a lack of well-defined quasiparticle degrees of

freedom. Since QCD is strongly coupled around the scale of the plasma temper-

ature this may not be shocking. However, a defining property of QCD is that

it is asymptotically free at high energies, meaning that interactions between

quarks and gluons with large enough energy transfer should be weakly coupled.
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This suggests that, if probed with high energy, the constituents of quark–gluon

plasma should be weakly-coupled quarks and gluons. This is one motivation

for using high-energy processes like jets to study the structure of quark–gluon

plasma as a function of energy transfer (see, e.g., Ref. [33] for a review).

The suppression of jets in heavy-ion collisions compared to proton–proton col-

lisions has been observed (e.g., Fig. 1-4a) implying that jets lose energy in the

quark–gluon plasma. Many other measurements of the properties of jets in

proton–proton and heavy-ion collisions suggest that jets are also modified in

other ways (see Ref. [32] for a review). However, it has thus far proven difficult

to make quantitative statements about quark–gluon plasma using jet measure-

ments.

One reason for this is that the direct interpretation of jet modification mea-

surements is obfuscated by multiple effects. Ideally, one would like to probe a

material by first measuring the properties of the probe (e.g., its energy and di-

rection), then shooting it through the material and measuring how its properties

are modified. In heavy-ion collisions, however, there is commonly little or no

direct information available about the properties of an individual probe before

it was modified by the quark–gluon plasma. The main tool used to study jet

modification is thus to compare the distributions of jet properties in heavy-ion

collisions to a baseline of jet properties in proton–proton collisions. Energy loss

itself makes this comparison complicated: most production properties of jets

depend strongly on their energy, and so jets in proton–proton and heavy-ion

collisions that have the same energy (in the heavy-ion case, after energy loss)

had different properties when they were produced. This means that the “mod-

ification” that is measured includes both genuine modification of jets by the

plasma and effects from the different samples of jets probed in the two cases.

Measurements being difficult to interpret directly is not necessarily a problem

if there are reliable models that can incorporate any biases present in the mea-

surement also in their predictions. Unfortunately, modelling the interaction
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of jets with quark–gluon plasma is complicated and there is no first-principles

solution. Jets are complicated and varied objects already in proton–proton col-

lisions, and models of jet modification must provide a parametrization for how

these objects develop in the presence of a fluctuating and highly-dynamical ex-

panding droplet of quark–gluon plasma. Because QCD is strongly-coupled near

the plasma temperature and weakly-coupled at high energies, both strong- and

weak-coupling calculations fall short of describing the dynamics correctly at all

relevant scales for the interaction of jets with the medium. Energy lost by a

jet is deposited as a highly non-equilibrium perturbation to the plasma evolu-

tion. Experimentally it is only possible in very specific situations to distinguish

particles that came from the high-energy fragmentation from particles from the

plasma that are correlated with the jet, so the response of the medium generally

impacts jet modification measurements.

Unfortunately, current measurements have not thus far been able to distinguish

models with very different underlying models of the physics of the jet-medium

interaction [32]. Part of the issue may be that the biases in jet modification

observables discussed above result in measurements being most sensitive to jets

that were least modified by the plasma, and therefore carry relatively little

information about the jet-medium interaction.

There is substantial evidence that these effects can impact even qualitative

interpretations of jet modification measurements. As an example, it has been

observed in Ref. [36] that the core of heavy-ion jets are on average narrower

than that of proton–proton jets with the same transverse momentum. This

observation called into question whether this average narrowing implies that

individual jets narrow from their interaction with quark–gluon plasma. Both

in earlier work [37] and in work done in this Ph.D. [38, 39], it was shown that

a narrowing of the average jet shape also happens in a model where every

individual jet widens through its interaction with the plasma. Because of the

bias, the average jet shape is dominated by those (typically narrow) jets that
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lost little energy, and therefore can narrow due to sample migration even though

no individual jet narrows.

Taken together, the presence of biases and the lack of availability of first-

principles models make it particularly crucial to develop data analysis methods

that enable jet modification measurements to be interpreted in a more model-

independent way. In Chapter 4 we discuss a data-driven technique to alleviate

some of these interpretation issues. We develop a new method to reduce the

impact of energy loss on jet modification measurements by comparing proton–

proton and heavy-ion jets in the same quantile of their production spectrum,

instead of at the same energy. This corrects for the bias due to the average

energy loss of jets of a particular energy, and enhances the sensitivity of mea-

surements to jets that were more modified by the quark–gluon plasma.

A central question about the quark–gluon plasma produced in heavy-ion col-

lisions is on what scale does it resolve the QCD color charge. Jets are an

important tool to answer this question because they can be initiated by either

a quark or gluon in the initial high-energy scattering, and subsequently will

carry different total color charge. If the quark–gluon plasma sees a jet as a

single extended object, then the ratio of energy loss of quark and gluon jets is

expected to be equal to the ratio of their color charges. Direct measurements of

different energy loss of quark and gluon jets have thus far proven elusive, how-

ever, because all jet measurements include (generally unknown) contributions

from both types of jets. In Chapter 5 we illustrate a data-driven method to

estimate the fraction of quark- and gluon-initiated jets and their separate mod-

ification in heavy-ion collisions. By separating quark and gluon contributions

to jet observables via the method we show, it may be possible experimentally

to determine whether they are modified differently by quark–gluon plasma.

3. What is the phase diagram of Quantum Chromodynamics? Fig. 1-1

shows a schematic of the phase diagram of QCD as a function of the baryon

number density 𝜇𝐵 and temperature 𝑇 . At zero baryon density it is possible
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Figure 1-6: Net-proton number (a proxy for baryon number density) as a function of
the rapidity 𝑦 for several different energies in the range accessible at the RHIC beam
energy scan. At low energies the baryon density is at midrapidity, and with increasing
energy it moves toward successively higher rapidity. At LHC energies, which are
substantially higher energy than any shown on this plot, the baryon density is at much
higher rapidities and is essentially zero at midrapidity. Curves are hydrodynamic
simulations from Ref. [4] and the figure is reproduced from Ref. [4].

to do first-principles calculations of QCD thermodynamics using lattice QCD

simulations, which find that the transition from hadrons to quark–gluon plasma

is a crossover [40]. At high densities and zero temperature, many models agree

that the transition is first-order [41]. Other features shown on the phase diagram

are conjecture, in particular the critical point shown in yellow that ends the

first-order line. The reason for this is that at finite temperature and density

lattice QCD calculations are currently infeasible due to the sign problem and

so there are no first-principles QCD calculations. Simple model calculations

generally have a critical point ending the first-order line, but disagree drastically

on its location in the (𝑇, 𝜇𝐵) plane (see Ref. [41] and references therein). This

motivates exploring the phase diagram experimentally using heavy-ion collision

experiments.

A heavy-ion collision can be thought of as probing a trajectory through the

phase diagram, since a droplet of quark–gluon plasma is created in a heavy-ion

collision and undergoes a transition to hadrons as it expands and cools in the
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(a) (b)

Figure 1-7: (a) A density plot showing the regions of positive (blue) and negative
(red) kurtosis as a function of the Ising phase diagram variables (𝑡,𝐻). The dashed
green line shows a possible freezeout curve in this phase diagram. The kurtosis along
this line is shown in (b). Qualitatively, the non-monotonicity and the sign change of
the kurtosis as a function of 𝑡 shown are anticipated signatures of the criticality as a
function of 𝜇𝐵. Reproduced from Ref. [5]

aftermath of the collision [42]. As illustrated in Fig. 1-1, the LHC experiments

probe the low baryon density region of the phase diagram. At the high beam

energies at the LHC, the baryons involved in the collision pass through each

other and end up at very large rapidity, outside of the region accessible in

measurements. In lower energy experiments like (particularly low energies) at

RHIC, there are more baryons at midrapidity where measurements take place

[43]. In fact, the baryon density at midrapidity in a heavy-ion collision can

be tuned by changing the beam energy [44], as can be seen quantitatively in

Fig. 1-6. This is the conceptual basis of the Beam Energy Scan experiment at

RHIC, which aims to explore the phase diagram at higher 𝜇𝐵 by lowering the

beam energy, with the goal of discovering (or ruling out) the location of the

conjectured critical point; see Ref. [45].

A characteristic feature of a critical point in any system is the divergence of the

correlation length. This divergence also causes a divergence in many fluctuation

measures, for example the event-by-event fluctuations of particle multiplicities,

near a critical point. These fluctuation measures are a crucial signature of the
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QCD critical point that are accessible experimentally (e.g., Ref. [44]). Though

theoretically the correlation length diverges near a critical point, in practice

this divergence is cut off by both the finite system size and by critical slow-

ing down, e.g. Ref. [46], and so neither the correlation nor the fluctuations

grow without bound, potentially making the signatures more difficult to detect

experimentally. Ref. [47] showed that non-Gaussian moments of these fluctua-

tions scale with higher powers of the correlation length compared to Gaussian

moments, and therefore are more sensitive to critical behavior. However, in-

creasingly non-Gaussian moments also become increasingly difficult to measure

experimentally; the kurtosis of the event-by-event fluctuations of the net proton

multiplicity is a famous observable used to search for criticality at the Beam

Energy Scan [48]. Non-monotonic dependence of the kurtosis on the beam en-

ergy (namely, baryon density) is a characteristic signature of critical behavior

anticipated at the Beam Energy Scan. It was also shown in Ref. [5] that the

kurtosis changes sign near a QCD critical point. A schematic picture of this is

shown in Fig. 1-7. The non-monotonicity and the sign change of the kurtosis

shown as a function of the Ising variable 𝑡 is also anticipated in the QCD phase

diagram as a function of 𝜇𝐵.

In Chapter 6 we argue that, since the baryon density also has dependence on

rapidity at fixed beam energy, a rapidity scan may be a valuable additional

probe of critical behavior to the beam energy scan. We show that the rapidity

dependence of fluctuations may have qualitatively similar features to those of the

beam energy dependence, including the non-monotonicity and the sign change.

If a rapidity scan is performed at each beam energy, it may also be possible to

distinguish the location of a critical point lying between two beam energies.

In this thesis, we present recent progress on understanding quark–gluon plasma

produced in heavy-ion collisions from three unique perspectives: its fluid-like behav-

ior, quenching of high-energy particles, and its phase diagram. These three vantage

points are foundational to how quark–gluon plasma is studied experimentally, phe-
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nomenologically, and theoretically.

In Chapter 3, we develop a novel conjecture that the apparent phenomenological

applicability of hydrodynamics at early times may be due to the emergent dominance

of a reduced set of “pre-hydrodynamic” modes that evolve into hydrodynamic modes

at late times. If confirmed in more realistic situations, this idea could be pivotal. It

would suggest that far-from-equilibrium behavior in the quark–gluon plasma could

be described by the substantially more simple physics of a small number of slow pre-

hydrodynamic modes, rather than being sensitive to the full physics of the underlying

microscopic description. In far-from-equilibrium situations, it may be more useful to

formulate an expansion in the contributions from pre-hydrodynamic and higher modes

than in terms of a gradient expansion. It would also imply that the phenomenological

utility of hydrodynamic modelling does not necessarily imply that hydrodynamic

modes are dominant.

In Chapter 4, we propose a method to compare proton–proton and heavy-ion

jets that were produced with more similar transverse momentum 𝑝𝑇 by comparing

jets in the same quantile of the jet production spectrum, rather than at the same

𝑝𝑇 . This makes it possible to correct for the average energy loss of jets in heavy-ion

collisions when making jet modification measurements, and enables a measurement of

the average energy loss of jets as a function of 𝑝𝑇 . This method may be crucial in the

interpretation of jet modification since it enhances the sensitivity of measurements

to those jets that lost more energy to the plasma. In the future, we hope it may

also be possible to extend this type of method to approximate the initial jet 𝑝𝑇 more

accurately than by the average energy loss of jets with that 𝑝𝑇 , for example by using

other information about the jet.

In Chapter 5 we propose a method to use measurable jet distributions, which

are unknown mixtures of both quark- and gluon-initiated jets, to estimate the frac-

tion of quark and gluon jets and their separate modification in heavy-ion collisions.

This technique may open a door toward estimating the fraction of quark- and gluon-

initiated jets and their separate modification in heavy-ion collisions. This is crucial

to a quantitative understanding of differences in quark and gluon jet energy loss in
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the quark–gluon plasma. Since quark and gluon jet fractions are different in heavy-

ion collisions than in proton–proton collisions, separating the fraction modification

from the distribution modification may also be important to the interpretation of jet

modification observables.

In Chapter 6, we suggest that the Beam Energy Scan at RHIC could be supple-

mented by an additional rapidity scan which probes the more local structure of the

phase diagram at each beam energy. This may provide signatures of critical behavior

in the rapidity-dependence of cumulants, in addition to those anticipated in the beam

energy-dependence. Particularly if the critical point lies between two of the beam en-

ergies possible at the Beam Energy Scan, this could be key to the observation of

critical behavior in heavy-ion collision experiments.

This thesis only includes a subset of the work completed in these directions during

this Ph.D., so we further refer the interested reader to Chapter 2 for abstracts of

additional research.
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Chapter 2

Overview

In the course of my Ph.D. I have completed six papers with various different collab-

orations, and one additional paper which is in the final stages of preparation but has

yet to appear. Though this thesis will focus on a subset of this work, all are listed

below with abstracts.

2.1 This Thesis

Adiabatic hydrodynamization in rapidly-expanding quark-gluon

plasma [49]

In collaboration with Li Yan and Yi Yin

We propose a new scenario characterizing the transition of the quark–gluon plasma

(QGP) produced in heavy-ion collisions from a highly non-equilibrium state at early

times toward a fluid described by hydrodynamics at late times. In this scenario,

the bulk evolution is governed by a set of slow modes, after an emergent time scale

𝜏Redu when the number of modes that govern the bulk evolution of the system is

reduced. These slow modes are “pre-hydrodynamic” in the sense that they are initially

distinct from, but evolve continuously into, hydrodynamic modes in hydrodynamic

limit. This picture is analogous to the evolution of a quantum mechanical system

that is governed by the instantaneous ground states under adiabatic evolution, and
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will be referred to as “adiabatic hydrodynamization”. We shall illustrate adiabatic

hydrodynamization using a kinetic description of weakly-coupled Bjorken expanding

plasma. We first show the emergence of 𝜏Redu due to the longitudinal expansion.

We explicitly identify the pre-hydrodynamic modes for a class of collision integrals

and find that they represent the angular distribution (in momentum space) of those

gluons that carry most of the energy. We use the relaxation time approximation for

the collision integral to show quantitatively that the full kinetic theory evolution is

indeed dominated by pre-hydrodynamic modes. We elaborate on the criterion for

the dominance of pre-hydrodynamic modes and argue that the rapidly-expanding

QGP could meet this criterion. Based on this discussion, we speculate that adiabatic

hydrodynamization may describe the pre-equilibrium behavior of the QGP produced

in heavy-ion collisions.

Sorting out quenched jets [50]

In collaboration with Guilherme Milhano and Jesse Thaler

We introduce a new “quantile” analysis strategy to study the modification of jets as

they traverse through a droplet of quark-gluon plasma. To date, most jet modification

studies have been based on comparing the jet properties measured in heavy-ion colli-

sions to a proton-proton baseline at the same reconstructed jet transverse momentum

(𝑝𝑇 ). It is well known, however, that the quenching of jets from their interaction with

the medium leads to a migration of jets from higher to lower 𝑝𝑇 , making it challenging

to directly infer the degree and mechanism of jet energy loss. Our proposed quantile

matching procedure is inspired by (but not reliant on) the approximate monotonic-

ity of energy loss in the jet 𝑝𝑇 . In this strategy, jets in heavy-ion collisions ordered

by 𝑝𝑇 are viewed as modified versions of the same number of highest-energy jets in

proton-proton collisions, and the fractional energy loss as a function of jet 𝑝𝑇 is a

natural observable (𝑄AA). Furthermore, despite non-monotonic fluctuations in the

energy loss, we use an event generator to validate the strong correlation between the

𝑝𝑇 of the parton that initiates a heavy-ion jet and the 𝑝𝑇 of the vacuum jet which

corresponds to it via the quantile procedure (𝑝quant𝑇 ). We demonstrate that this strat-
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egy both provides a complementary way to study jet modification and mitigates the

effect of 𝑝𝑇 migration in heavy-ion collisions.

Data-driven quark and gluon jet modification in heavy-ion col-

lisions

In collaboration with Jesse Thaler and Andrew Patrick Turner; to appear

Whether quark- and gluon-initiated jets are modified differently by the quark–gluon

plasma produced in heavy-ion collisions is a long-standing question that has thus far

eluded a definitive experimental answer. A crucial complication for quark–gluon dis-

crimination in both proton–proton and heavy-ion collisions is that all measurements

necessarily average over the (unknown) quark–gluon composition of a jet sample.

In the heavy-ion context, the simultaneous modification of both the fractions and

substructure of quark and gluon jets by the quark–gluon plasma further obscures the

interpretation. Here, we demonstrate a fully data-driven method for separating quark

and gluon contributions to jet observables using a statistical technique called topic

modeling. Assuming that jet distributions are a mixture of underlying “quark-like”

and “gluon-like” distributions, we show how to extract quark and gluon jet fractions

and constituent multiplicity distributions as a function of the jet transverse momen-

tum. This proof-of-concept study is based on proton–proton and heavy-ion collision

events from the Monte Carlo event generator Jewel with statistics accessible in Run

4 of the Large Hadron Collider. These results suggest the potential for an experimen-

tal determination of quark and gluon jet modifications.

Searching for the QCD critical point via the rapidity depen-

dence of cumulants [51]

In collaboration with Swagato Mukherjee, Krishna Rajagopal, and Yi Yin

The search for a possible critical point in the QCD phase diagram is ongoing in heavy

ion collision experiments at RHIC which scan the phase diagram by scanning the

beam energy; a coming upgrade will increase the luminosity and extend the rapid-
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ity acceptance of the STAR detector. In fireballs produced in RHIC collisions, the

baryon density depends on rapidity. By employing Ising universality together with

a phenomenologically motivated freezeout prescription, we show that the resulting

rapidity dependence of cumulant observables sensitive to critical fluctuations is dis-

tinctive. The dependence of the kurtosis (of the event-by-event distribution of the

number of protons) on rapidity near mid-rapidity will change qualitatively if a critical

point is passed in the scan. Hence, measuring the rapidity dependence of cumulant

observables can enhance the prospect of discovering a critical point, in particular if

it lies between two energies in the beam energy scan.

2.2 Additional work

Jet shape modifications in holographic dijet systems [52]

In collaboration with Andrey Sadofyev and Wilke van der Schee

We present a coherent model that combines jet production from perturbative QCD

with strongly-coupled jet-medium interactions described in holography. We use this

model to study the modification of an ensemble of jets upon propagation through a

quark-gluon plasma resembling central heavy ion collisions. Here the modification of

the dijet asymmetry depends strongly on the subleading jet width, which can therefore

be an important observable for studying jet-medium interactions. We furthermore

show that the modification of the shape of the leading jet is relatively insensitive to

the dijet asymmetry, whereas the subleading jet shape modification is much larger

for more imbalanced dijets.

Evolution of the Mean Jet Shape and Dijet Asymmetry Distri-

bution of an Ensemble of Holographic Jets in Strongly Coupled

Plasma [38]

(Including proceedings, Holographic Jet Shapes and their Evolution in Strongly Cou-

pled Plasma [39])
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In collaboration with Krishna Rajagopal, Andrey Sadofyev, and Wilke van der

Schee

Some of the most important probes of the quark-gluon plasma (QGP) produced in

heavy ion collisions come from the analysis of how the shape and energy of jets are

modified by passage through QGP. We model an ensemble of back-to-back dijets to

gain a qualitative understanding of how the shapes of the individual jets and the

asymmetry in the energy of the pairs of jets are modified by passage through an ex-

panding droplet of strongly coupled plasma, as modeled in a holographic gauge theory.

We do so by constructing an ensemble of strings in the gravitational description of

the gauge theory. We model QCD jets in vacuum using strings whose endpoints move

“downward" into the gravitational bulk spacetime with some fixed small angle that

represents the opening angle (ratio of jet mass to jet energy) that the QCD jet would

have in vacuum. Such strings must be moving through the gravitational bulk at (close

to) the speed of light; they must be (close to) null. This condition does not specify

the energy distribution along the string, meaning that it does not specify the shape

of the jet being modeled. We study the dynamics of strings that are initially not null

and show that strings with a wide range of initial conditions rapidly accelerate and

become null and, as they do, develop a similar distribution of their energy density.

We use this distribution of the energy density along the string, choose an ensemble

of strings whose opening angles and energies are distributed as in perturbative QCD,

and show that we can then fix one model parameter such that the mean jet shape in

our ensemble matches that measured in p-p collisions reasonably well. We send our

strings through the plasma, choosing the second model parameter to get a reasonable

suppression in the number of jets, and study how the mean jet shape and the dijet

asymmetry are modified, comparing both to data from LHC heavy ion collisions.
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String-theory-based predictions for nonhydrodynamic collec-

tive modes in strongly interacting Fermi gases [53]

In collaboration with Hans Bantilan, Takaaki Ishii, William Lewis, and Paul Ro-

matschke

Very different strongly interacting quantum systems such as Fermi gases, quark-gluon

plasmas formed in high energy ion collisions and black holes studied theoretically in

string theory are known to exhibit quantitatively similar damping of hydrodynamic

modes. It is not known if such similarities extend beyond the hydrodynamic limit.

Do non-hydrodynamic collective modes in Fermi gases with strong interactions also

match those from string theory calculations? In order to answer this question, we

use calculations based on string theory to make predictions for novel types of modes

outside the hydrodynamic regime in trapped Fermi gases. These predictions are

amenable to direct testing with current state-of-the-art cold atom experiments.
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Chapter 3

Adiabatic Hydrodynamization

The work reported in this chapter is based on work done in collaboration with Li

Yan and Yi Yin that is currently under review [49]. The abstract can be found in

Section 2.1.

Hydrodynamics describes the real-time dynamics of a broad class of interacting

many-body systems in the long time and long wavelength limit. In this limit, most

degrees of freedom become irrelevant since they relax on short time scales. The

surviving slow dynamical variables, or “hydrodynamic modes”, are those associated

with conserved densities such as the energy density. Hydrodynamic modelling has seen

remarkable success at describing varied and non-trivial results of heavy-ion collision

experiments (see Ref. [54] for a concise review). This in turn raises the important

question of how the system approaches a state dominated by hydrodynamic modes,

namely how “hydrodynamization” occurs in the aftermath of a heavy-ion collision (cf.

[20, 55, 56] for a recent review).

In this Chapter, we theorize a new scenario for the process of hydrodynamization

with the following defining attribute: during the interval 𝜏Redu < 𝜏 < 𝜏Hydro, the

bulk evolution is governed by a set of slow modes that are “pre-hydrodynamic” in the

sense that they are distinct from hydrodynamic modes but evolve gradually into them

around the time 𝜏Hydro. As a premise of this picture, we assume the emergence of a

time scale 𝜏Redu < 𝜏Hydro around which the degrees of freedom required to describe

the bulk properties of the system are reduced (see more below).
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The pre-hydrodynamic modes in the preceding scenario are the modes with the

slowest rate of change at each instant in the pre-hydrodynamic evolution, under the

assumption that they remain gapped from faster modes. They are closely analogous

to the instantaneous ground states of a time-dependent Hamiltonian in quantum me-

chanics. Since near thermal equilibrium the hydrodynamic modes are the slowest

modes, the pre-hydrodynamic modes are a natural off-equilibrium generalization of

the hydrodynamic modes. If a time-dependent and gapped quantum-mechanical sys-

tem is prepared in its ground state, it will remain in the instantaneous ground state

under adiabatic evolution of the Hamiltonian. We will thus refer to situations where

the approach to hydrodynamics is governed first by the evolution of pre-hydrodynamic

modes as “adiabatic hydrodynamization” .

We will illustrate adiabatic hydrodynamization in a kinetic description of weakly-

coupled Bjorken-expanding plasma. We explicitly identify the pre-hydrodynamic

modes as the instantaneous ground state modes of a non-Hermitian matrix describ-

ing the evolution of bulk quantities from the kinetic equation with a class of collision

integrals. Physically, these modes represent the angular distribution in momentum

space of the gluons that carry most of the energy of the system. We then demon-

strate the emergence of 𝜏Redu induced by the fast longitudinal expansion and show

that 𝜏Redu is parametrically smaller than 𝜏C. This is due to the separation of scales

between the initial time 𝜏𝐼 when the kinetic description becomes applicable and the

typical collision time 𝜏C for QGP in the weak-coupling regime. Because of the hier-

archy 𝜏Redu ≪ 𝜏C ≪ 𝜏Hydro, the pre-history of hydrodynamics is (almost) the history

of pre-hydrodynamic modes within adiabatic hydrodynamization.

An important implication of adiabatic hydrodynamization is that the macroscopic

properties of the medium during the pre-hydrodynamic stage are insensitive to both

the initial conditions and the details of the expansion history, and instead are deter-

mined predominantly by the features of the pre-hydrodynamic modes. In particular,

the most important quantity characterizing the bulk evolution of a plasma undergoing
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Bjorken expansion is the percentage rate of change of the energy density

𝑔(𝑦) ≡ −𝜕𝑦 log 𝜖 , (3.1)

where 𝑦 ≡ log(𝜏/𝜏𝐼) plays the role of a time variable. We shall show that 𝑔(𝑦) is

related to the eigenvalue ℰ0(𝑦) of the pre-hydrodynamic mode if adiabatic hydrody-

namization applies, namely

𝑔(𝑦) ≈ ℰ0(𝑦) . (3.2)

We consider the extensively-studied relaxation time approximation (RTA) of the ki-

netic equation [57, 58, 6, 59, 60, 7] and confirm quantitatively that Eq. (3.2) holds,

demonstrating that hydrodynamization in this model is an example of adiabatic hy-

drodynamization.

Because of the expansion, the criterion for the dominance of pre-hydrodynamic

modes is not that the excited states have decayed, but rather that transitions to

the excited states are suppressed. In the absence of better terminology, throughout

this manuscript we will use “adiabaticity" as a synonym for the suppression of these

transitions. This is consistent with the modern use of this terminology in quantum

mechanics (c.f. Ref. [61]). We will show that the regime where this generalized notion

of adiabaticity may not apply is parametrically narrow according to the scenario

of bottom-up thermalization for weakly-coupled QGP [62]. Although our analysis

relies on the smallness of 𝛼𝑠, we hope that many qualitative features of adiabatic

hydrodynamization may nonetheless be present in the QGP created in heavy-ion

collisions.

There are extensive studies on the formulation of far-from-equilibrium hydrody-

namics to describe the pre-hydrodynamic stage of heavy-ion collisions [3, 35, 63, 64,

60, 65, 66]. The key premise of this paradigm is that hydrodynamic modes dominate

the bulk evolution, and consequently that hydrodynamics is applicable, even when

the system is far from equilibrium [3]. The difference between this paradigm and adi-

abatic hydrodynamization is that the dominant slow modes for systems undergoing
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adiabatic hydrodynamization are pre-hydrodynamic mode(s), which can be qualita-

tively distinct from hydrodynamic modes. The slow modes of a system generally

depend on the state of the medium under consideration, and therefore it is unsur-

prising that the slow modes in a far-from-equilibrium system are generically different

from the hydrodynamic modes. We show that RTA kinetic theory is an example

where pre-hydrodynamic and hydrodynamic modes are qualitatively different, and

the bulk evolution of the system is dominated by the pre-hydrodynamic modes.

In the modern view, hydrodynamics is a macroscopic effective theory in which

hydrodynamic modes are the relevant low energy degrees of freedom. In cases where

the relevant degrees of freedom are actually pre-hydrodynamic modes, there is no

guarantee that hydrodynamics or its simple generalizations will describe the system.

This is not in contradiction to the recent result [64, 67] that some non-trivial gen-

eralizations of hydrodynamics like an improved version of Israel-Stewart theory [68]

and anisotropic and third-order hydrodynamics describe the bulk evolution of several

simplified kinetic theory models even beginning at 𝜏Redu. Rather, since these models

include significant contributions from non-hydrodynamic modes, we emphasize that

this observation alone does not imply that hydrodynamic modes dominate the evolu-

tion. It is worth exploring the applicability of these models in more general settings,

however we hope that the identification of pre-hydrodynamic modes as a relevant

slow degree of freedom may motivate the future construction of an effective theory of

“pre-hydrodynamics".

3.1 Identification of pre-hydrodynamic mode(s)

We consider a Bjorken-expanding medium of massless particles described by the ki-

netic equation

𝜕

𝜕𝜏
𝑓 (𝑝𝑧, 𝑝⊥; 𝜏) = −𝑝𝑧

𝜏

𝜕

𝜕𝑝𝑧
𝑓 (𝑝𝑧, 𝑝⊥; 𝜏) − 𝐶[𝑓 ] , (3.3)
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where 𝑓 (𝑝𝑧, 𝑝⊥; 𝜏) is the single particle distribution, 𝑝⊥ and 𝑝𝑧 are the transverse and

longitudinal momentum, and 𝐶 is the collision integral. Because of the symmetry, the

only relevant hydrodynamic mode is the energy density 𝜖. To more directly study the

evolution of the energy density, we will focus on the momentum-weighted distribution

function

𝐹𝜖 (cos 𝜃; 𝜏) ≡ 1

2𝜋2

∫︁ ∞

0

𝑑𝑝 𝑝3 𝑓 (𝑝𝑧, 𝑝⊥; 𝜏) , (3.4)

where 𝑝 =
√︀
𝑝2⊥ + 𝑝2𝑧 and 𝜃 = tan−1 (𝑝𝑧/𝑝⊥). Because the angular integration of

𝐹𝜖 (cos 𝜃; 𝜏) is the energy density, 𝐹𝜖 (cos 𝜃; 𝜏) describes the angular distribution of

the particles that carry most of the energy. The 𝑝3-weighted moment of Eq. (3.3)

gives the evolution equation for 𝐹𝜖:

𝜏
𝜕

𝜕𝜏
𝐹𝜖 (cos 𝜃; 𝜏) = −

[︂
−4 cos2 𝜃 + sin2 𝜃 cos 𝜃

𝜕

𝜕 cos 𝜃

]︂

× 𝐹𝜖 (cos 𝜃; 𝜏) − 𝜏

2𝜋2

∫︁ ∞

0

𝑑𝑝 𝑝3𝐶[𝑓 ]. (3.5)

Following Ref. [69], we assume that 𝑓 (𝑝𝑧, 𝑝⊥; 𝜏) is symmetric under 𝑝𝑧 → −𝑝𝑧 and

expand 𝐹𝜖 (cos 𝜃; 𝜏) in a basis of the Legendre polynomials 𝑃2𝑛:

𝐹𝜖 (cos 𝜃; 𝜏) = 𝜖(𝜏) +
∑︁

𝑛=1

4𝑛+ 1

2
ℒ𝑛(𝜏)𝑃2𝑛(cos 𝜃) . (3.6)

Eq. (3.6) maps 𝐹𝜖 (cos 𝜃; 𝜏) to an infinite-dimensional vector 𝜓 = (𝜖,ℒ1,ℒ2, . . . , ). We

therefore have the correspondence

𝐹𝜖 (cos 𝜃) ↔ 𝜓 = (𝜖,ℒ1,ℒ2, . . . , ) . (3.7)

Note 𝑝𝐿 = 1
3

(𝜖+ 2ℒ1). Since 𝐹𝜖 will become isotropic and approach 𝜖 in the hydro-

dynamic limit, the hydrodynamic mode corresponds to the vector

𝜑𝐻
0 = (𝜖, 0, 0, . . .) . (3.8)

The problem of hydrodynamization is therefore reduced to studying how 𝜓 involves
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into 𝜑𝐻
0 .

In the following discussion, we shall limit ourselves to the class of collision integrals

for which Eq. (3.5) can be recast into the form

𝜕𝑦𝜓 = −ℋ(𝑦)𝜓 , (3.9)

where ℋ is a non-Hermitian matrix and 𝑦 = log(𝜏/𝜏𝐼) as we introduced earlier. This

is satisfied for any collision integral that is linear in 𝐹𝜖 (cos 𝜃; 𝜏). Eq. (3.9) has the

structure of the time-dependent Schrödinger equation in quantum mechanics. The

explicit expression for the matrix ℋ for RTA kinetic theory will be given in the

subsequent section.

Throughout this work, we will study the instantaneous eigenmodes 𝜑𝑛(𝑦) of ℋ(𝑦).

For clarity we will order them by the real part of their corresponding eigenvalues,

e.g. Reℰ0 < Reℰ1 ≤ . . .. Of particular importance is the ground state mode 𝜑0(𝑦),

which has the lowest damping rate of all of the eigenmodes. In the hydrodynamic

limit 𝜏 ≥ 𝜏Hydro, 𝜑0(𝑦) will evolve into 𝜑𝐻
0 since the conserved densities are the

zero-modes of any collision kernel. At times 𝜏 < 𝜏Hydro, we identify 𝜑0(𝑦) as the

“pre-hydrodynamic mode” since it is an ancestor to the hydrodynamic mode 𝜑𝐻
0 .

3.2 Emergent dominance of pre-hydrodynamic modes

at 𝜏 ≪ 𝜏C

To illustrate the reduction in the degrees of freedom at early times, we study the

behavior of 𝜓 for 𝜏 ≪ 𝜏C. In this case, 𝜓 is determined by 𝜕𝑦𝜓 = −ℋ𝐹 𝜓 where ℋ𝐹 is

obtained from Eq. (3.5) by neglecting the collision integral (the explicit expression can

be obtained from the 𝜏 → 0 limit of Eq. (3.13)). To solve, we expand 𝜓 in eigenstates

of ℋ𝐹 as 𝜓(𝜏) =
∑︀

𝑛=0 𝛽𝑛(𝜏)𝜑𝐹
𝑛 . It is easy to show that 𝛽𝑛(𝜏) = 𝛽𝑛(𝜏𝐼) exp(−ℰ𝑛𝑦)

for all 𝑛. Therefore contributions from the “excited” modes 𝜑𝐹
𝑛>0 become unimportant
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after some emergent time scale

𝜏Redu & 𝜏𝐼

⃒⃒
⃒⃒
⃒

(︂
𝛽𝑛(𝜏𝐼)

𝛽0(𝜏𝐼)

)︂1/(ℰ𝐹
𝑛>0−ℰ𝐹

0 )
⃒⃒
⃒⃒
⃒ . (3.10)

The bulk evolution of the system around 𝜏Redu is then dominated by the ground state

mode 𝜑𝐹
0 . Related observations have also been made in Refs. [64, 70].

For the description of heavy-ion collisions in the framework of perturbative QCD,

𝜏𝐼 is of the order of 𝑄−1
𝑠 , where 𝑄𝑠 ≫ ΛQCD is the saturation scale (c.f. Refs. [71, 72,

73, 74]). Meanwhile, a parametric estimate of 𝜏C can be deduced from the collision

integral, 𝜏C𝑄𝑠 ∼ 𝛼−𝑥
𝑠 with exponent 𝑥 > 0 (c.f. Ref. [62]). This hierarchy guarantees

the existence of a time scale 𝜏Redu that is parametrically smaller than 𝜏Hydro ≥ 𝜏C.

To appreciate the physics underlying the dominance of 𝜑𝐹
0 around 𝜏Redu, we com-

pare the explicit expression 𝜑𝐹
0 = 𝜖 (1, 𝑃2(0), 𝑃4(0) . . .) [66] with the definition in

Eq. (3.6). It is then transparent that 𝜑𝐹
0 corresponds to an angular distribution func-

tion 𝐹𝜖 (cos 𝜃; 𝜏) that is sharply peaked at 𝜃 = 𝜋/2. For such a distribution, typical

values of 𝑝𝑧 are much smaller than those of 𝑝⊥, meaning the longitudinal expansion

drives arbitrary initial conditions to a highly anisotropic distribution in momentum

space.

The analysis above shows that the longitudinal expansion together with the intrin-

sic hierarchy 𝜏𝐼 ≪ 𝜏C in weakly coupled QCD prepares the system in the instantaneous

ground state 𝜑𝐹
0 . Since 𝜑𝐹

0 depends on ℋ𝐹 but not on the initial conditions, the bulk

evolution around 𝜏Redu becomes insensitive to the details of the initial conditions. The

latter has been observed in previous studies of kinetic theory [3, 34, 66], though its

connection to the dominance of the mode 𝜑𝐹
0 has not been elucidated before.

3.3 Implications of the dominance of pre-hydrodynamic

modes

We now explore the implications of the adiabatic evolution of ℋ(𝑦) after 𝜏Redu. We

begin by expanding 𝜓 in terms of the instantaneous eigenmodes 𝜑𝑛(𝑦) of ℋ(𝑦), 𝜓(𝑦) =
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∑︀
𝑛=0 𝛼𝑛(𝑦)𝜑𝑛 (𝑦). While in general 𝛼𝑛>0 can be the same order of magnitude as 𝛼0,

under adiabatic evolution |𝛼0| ≫ |𝛼𝑛>0| and consequently

𝜓(𝑦) ∼ 𝜑0(𝑦) . (3.11)

Eq. (3.11) can be viewed as the definition of adiabatic hydrodynamization.

We emphasize that this dominance of the pre-hydrodynamic mode 𝜑0 indicates

that the bulk properties of the pre-equilibrium medium can be related to this mode

and its eigenvalue. For example, let us focus on the percentage rate of change of

the energy density in Eq. (3.1). Since the zeroth component of 𝜓 is 𝜖, it follows

from Eqns. (3.9) and (3.11) that −𝜖𝑔(𝑦) is given by the zeroth component of ℋ𝜓,

i.e. Eq. (3.2), even though 𝑔(𝑦) in general can depend on all modes 𝜑𝑛(𝑦). This non-

trivial relation is a consequence of the adiabatic evolution. In the next section we

will quantitatively test this result in the relaxation time approximation to determine

the extent to which adiabatic hydrodynamization applies.

3.4 RTA as an example of adiabatic hydrodynamiza-

tion

The collision integral under the relaxation-time approximation (RTA) is

𝐶[𝑓 ] =
𝑓 (𝑝𝑧, 𝑝⊥; 𝜏) − 𝑓eq(𝑝/𝑇 )

𝜏C(𝑦)
, (3.12)

where 𝜏C is a function of 𝑦. Substituting Eqns. (3.12) and (3.6) into Eq. (3.5) gives [69]

𝜕𝑦ℒ𝑛 = − [𝑎𝑛ℒ𝑛 + 𝑏𝑛ℒ𝑛−1 + 𝑐𝑛ℒ𝑛+1] − 𝜆(1 − 𝛿𝑛0)ℒ𝑛, (3.13)

where 𝜆 ≡ 𝜏/𝜏C. Explicit expressions for 𝑎𝑛, 𝑏𝑛, and 𝑐𝑛 are given in Ref. [69], for

example (𝑎0, 𝑏1, 𝑐0) = (4/3, 8/15, 2/3). From Eq. (3.13), the evolution of 𝜓 has the
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Figure 3-1: We demonstrate the dominance of pre-hydrodynamic modes, and hence
adiabatic hydrodynamization, for a Bjorken-expanding plasma in the relaxation time
approximation. The red solid curve shows ℰ0(𝜆), which is the contribution to the
percentage rate of change of the energy density coming from the pre-hydrodynamic
mode (c.f. Eq. (3.2)). Black curves are 𝑔(𝜆) obtained from solving Eq. (3.3) with
constant 𝜏C for different initial conditions. After 𝜏Redu, they collapse onto the RTA
attractor as obtained in Refs. [6, 3, 7]. The left and right shaded regions indicate
𝜏 ≤ 𝜏Redu and 𝜏 ≥ 𝜏Hydro, respectively.
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Figure 3-2: We show the fractional difference between ℰ0 and 𝑔, which measures
the relative importance of contributions from the ground state (pre-hydrodynamic)
and excited modes. Red and dashed blue curves show this difference for represen-
tative initial conditions with constant and conformal 𝜏C, respectively. The fact that
this quantity is small indicates the dominance of pre-hydrodynamic modes (i.e. adi-
abaticity) during the interval 𝜏Redu ≤ 𝜏 < 𝜏Hydro.
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form Eq. (3.9) with

ℋ(𝑦) = ℋRTA(𝜆) ≡ ℋ𝐹 + 𝜆 (𝑦)ℋ1 , (3.14)

where the elements of ℋ𝐹 ,ℋ1 can be read from Eq. (3.13).

From ℋRTA(𝜆) we compute the pre-hydrodynamic modes 𝜑0(𝜆) and their energies

ℰ0 (𝜆) for each 𝜆. We note that the minimum gap ∆ℰmin(𝜆) ≡ Re(ℰ1(𝜆) − ℰ0(𝜆)) is

order one for 𝜆 ≪ 1 and becomes linear in 𝜆 for 𝜆 ≫ 1 1. For all values of 𝜆, 𝜑0(𝜆)

is gapped from the excited modes. It is easy to check that 𝜑𝐻
0 is the ground state

of ℋ1 but not that of ℋRTA. Since ℋRTA evolves in time, the components of 𝜑0(𝑦)

are different from those of 𝜑𝐻
0 for any finite 𝑦, exemplifying the distinction between

pre-hydrodynamic and hydrodynamic modes.

The solid red curve in Fig. 3-1 shows ℰ0 (𝜆), which is the contribution to 𝑔(𝜆)

from the pre-hydrodynamic modes only 2. For comparison, we also determine 𝑔(𝜏) by

solving the kinetic equation numerically. Following Ref. [7], we use the parametriza-

tion 𝜏C ∝ 𝜖−Δ/4. Solutions to Eq. (3.3) with constant 𝜏C (∆ = 0) and different initial

conditions satisfying 𝜏𝐼 ≪ 𝜏C are shown in dashed black in Fig. 3-1. In practice, we

solve the coupled differential equations in Eq. (3.13), for which initial conditions on

𝑝𝐿/𝜖 are fixed by the initial values of the moments ℒ𝑛. The resulting 𝑔 collapses to a

common curve at times much earlier than 𝜏Hydro, which is the well-known “attractor”

behavior of Bjorken-expanding RTA kinetic theory. Remarkably, ℰ0(𝜆) is close to

𝑔(𝜏), indicating that the bulk evolution before the hydrodynamic regime is indeed

dominated by the evolution of the pre-hydrodynamic modes.

Since the RTA attractor function 𝑔(𝜏) has already been obtained by many au-

thors [6, 3, 7], what is our purpose of studying this function? Our goal is to demon-

strate that the main contribution to this function comes from pre-hydrodynamic

modes. We emphasize that the attractor behavior of 𝑔(𝜆) alone does not tell us

1If we were using 𝜏 instead of 𝑦 as our temporal variable, the minimum gap is of the order 1/𝜏
for 𝜆 ≪ 1 and of the order 1/𝜏C for 𝜆 ≫ 1. The latter agrees with Ref. [58] although one has to
keep in mind that the minimum gap also evolves in time.

2In practice, we truncate Eq. (3.13) at 𝑛 = 9 so that ℋRTA is reduced to a 10×10 non-Hermitian
matrix. We have checked that the results shown are not sensitive to the truncation.
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whether one mode or many modes are important for the subsequent evolution. In

the language of quantum mechanics, the attractor behavior only indicates that the

system is in its instantaneous ground state around 𝜏Redu. The system remains in its

instantaneous ground state here due to a qualitatively different reason, namely the

suppression of transitions to the excited states.

To further demonstrate that the relative importance of contributions from excited

modes are suppressed compared to those of the pre-hydrodynamic mode, we show the

fractional difference 𝛿 ≡ |𝑔−ℰ0|/𝑔 as a function of 𝜆 in Fig. 3-2. Results for constant

𝜏C (∆ = 0) and conformal 𝜏C (∆ = 1) are shown in red and dashed blue, respectively.

The evolution is more adiabatic the smaller 𝛿 is. 𝛿 is small both when 𝜆≪ 1 and 𝜆≫
1 and reaches a maximum of 0.045 at intermediate 𝜆. This indicates that at least 95%

of the contribution to 𝑔 between 𝜏Redu and 𝜏Hydro is from pre-hydrodynamic modes.

We emphasize that 𝛿 is small even when the Knudsen number 1/𝜆 is large. In fact,

the contributions from the excited modes 𝜑𝑛>0 can be accounted for systematically

by expanding in 𝛿, generalizing the method developed in Refs. [75, 61]. Including

leading-order contributions from the excited states to 𝑔(𝜆) makes the adiabatic result

in Fig. 3-1 essentially indistinguishable from the RTA attractor. This will be reported

in upcoming work.

3.5 Adiabaticity in the rapidly-expanding QGP

Why does adiabaticity also apply to the violent expansion of the QGP in the early

stages of the evolution? In essence, “adiabaticity” only requires that the transition

to excited states is suppressed. For example, consider a time-dependent Hamiltonian

in quantum mechanics 𝐻(𝑡) = 𝐻0 + 𝜆̃(𝑡)𝐻1, where 𝐻0, 𝐻1 are time-independent and

𝜆̃(𝑡) is a monotonic function of time 𝑡. The transition rate from the instantaneous

ground state |0, 𝑡⟩ to instantaneous excited states |𝑛, 𝑡⟩ is given by [61]

𝜕𝑡 log 𝜆̃

∆𝐸𝑛

⟨0, 𝑡|𝜆̃(𝑡)𝐻1|𝑛, 𝑡⟩. (3.15)
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Therefore “adiabaticity” can arise either due to the smallness of the rate of change of

the Hamiltonian 𝜕𝑡 log 𝜆̃ compared to the energy gap ∆𝐸 (slow-quench adiabaticity),

or due to the time-dependent part of the Hamiltonian ⟨0, 𝑡|𝜆̃𝐻1|𝑛, 𝑡⟩ being small in

amplitude (fast-quench adiabaticity), see Ref [61] for examples of the applicability of

adiabaticity to quantum phase transitions under fast quenches.

We have generalized the aforementioned quantum mechanical expression to a sys-

tem described by Eq. (3.14). While the slow-quench adiabaticity applies at late times

as one might expect, we also find that fast-quench adiabaticity applies at early times

because 𝜆 is small. To see why this must be so on physical grounds, we recall that

𝜑𝐹
0 at very early times represents an angular distribution function 𝐹𝜖 (cos 𝜃; 𝜏) where

typical values of 𝑝𝑧 are much smaller than those of 𝑝⊥. On the other hand, the

excited states at early times have typical values of 𝑝𝑧 that are comparable to 𝑝⊥.

A “transition” from the ground state to an excited state would therefore require ei-

ther multiple scatterings or one rare hard scattering among gluons, the probability of

which is suppressed when 𝜏 ≪ 𝜏C.

Since our discussion above does not rely on the details of the collision integral, we

expect that adiabaticity is a generic feature of both early- and late-time limits for the

expanding weakly-coupled QGP. In particular, consider the standard bottom-up ther-

malization scenario [62]. Following the discussion above, we expect that adiabaticity

applies during the stage 𝜏Redu ≤ 𝜏 ≤ 𝛼
−5/2
𝑠 𝑄−1

𝑠 and 𝜏 ≥ 𝛼
−13/5
𝑠 𝑄−1

𝑠 . In the former

stage, 𝐹𝜖 (cos 𝜃; 𝜏) represents the angular distribution of hard gluons (with typical

energy 𝑄𝑠) that rarely collide with one another. In the later stage, 𝐹𝜖 (cos 𝜃; 𝜏) repre-

sents the angular distribution of soft gluons (with typical energy 𝑇 ) that are already

in thermal equilibrium. Adiabaticity may break down during the transition stage

𝛼−5/2 ≤ 𝑄𝑠𝜏 ≤ 𝛼−13/5 when the numbers of both soft and hard gluons are changing

rapidly, however this interval is parametrically narrow compared to other stages.
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3.6 Outlook

While our analysis is based on a weakly-coupled kinetic description of the QGP, we

anticipate that the concept of pre-hydrodynamic modes and the realization of adia-

batic hydrodynamization is relevant more broadly. It would be interesting to explore

adiabatic hydrodynamization for the QGP at strong coupling [76], and in table-top

experiments [77]. As a first step towards this exploration, it may be necessary to

develop a more general method to identify pre-hydrodynamic modes from the pole

structure of off-equilibrium correlation functions.

3.7 Ongoing work

An advantage of the present formulation is that there appears to be a small “adiabatic-

ity” parameter that suppresses contributions from the excited states in the evolution.

This parameter can be estimated by comparing the fractional deviation of the full

evolution compared to the evolution of only the ground state mode, shown in Fig. 3-2,

which is seen to be small over the full evolution of the system. This makes it possible

to formulate a perturbative expansion in the adiabatic parameter, which we have

found to describe the full dynamics exceptionally well at linear order. In contrast,

far from equilibrium where gradients are large, the hydrodynamic gradient expansion

may require many (or in principle, infinite) orders to describe the full evolution. It is

possible that an effective theory based on these pre-hydrodynamic modes may be bet-

ter behaved than the one based on hydrodynamic modes in this far-from-equilibrium

regime.

In this analysis, we have focused on Bjorken flow, which possesses a very high

degree of symmetry that is not realized in more realistic situations. One consequence

of this symmetry is that there is only one hydrodynamic mode, the energy density

𝜖. In this case, there is a single pre-hydrodynamic mode which evolves into this

hydrodynamic mode in the hydrodynamic limit. In more general situations, there

may be more hydrodynamic and pre-hydrodynamic modes, and their interplay can
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be more complex.

The method developed here can be straightforwardly extended to analyze a more

general kinetic equation including transverse expansion and non-zero spatial gradients

by considering the expansion of 𝐹𝜖 (cos 𝜃; 𝜏) in terms of spherical harmonics 𝑌𝑙,𝑚,𝑠.

With transverse expansion but without spatial gradients, there is again an emergent

time scale for the dominance of a reduced number of pre-hydrodynamic modes that

are gapped from other modes. Unlike in the case of Bjorken expansion, however,

not all hydrodynamic modes evolve from pre-hydrodynamic modes. This yields a

more rich interplay between pre-hydrodynamic and hydrodynamic modes dominating

the evolution of the system in different stages. For spatial gradients that are small

compared to the energy gap, we find that the adiabatic hydrodynamization scenario

discussed here still applies. These generalizations will be discussed in upcoming work.
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Chapter 4

A Quantile Procedure for Sorting Out

Quenched Jets

The work reported in this chapter is based on work done in collaboration with Guil-

herme Milhano and Jesse Thaler and published in Physical Review Letters [50]. The

abstract can be found in Section 2.1.

The deconfined phase of QCD matter, the quark-gluon plasma, was first discovered

in collisions of heavy nuclei at the Relativistic Heavy Ion Collider [12, 13, 14, 15, 16]

and confirmed at the Large Hadron Collider [17, 18, 19]. As in high-energy proton-

proton collisions, heavy-ion collisions produce collimated sprays of particles, called

jets, from highly energetic scatterings of quarks and gluons. The observation of

“jet quenching”—a strong suppression and modification of jets in heavy-ion collisions

[18, 19, 30]—ushered in a new era of studying the properties of the quark-gluon plasma

by measuring its effect on jets [78, 79, 80, 81, 31, 82, 83, 84, 85, 86, 87, 88, 89, 90].

A central issue in interpreting jet quenching measurements is that medium-induced

modifications necessarily affect how jets are identified experimentally. Current meth-

ods compare proton-proton and heavy-ion jets of the same final (reconstructed) trans-

verse momentum 𝑝𝑇 and, as such, inevitably suffer from significant biases from the

migration of jets from higher to lower 𝑝𝑇 due to medium-induced energy loss (see

[91, 92]). While these methods have been very successful in qualitatively demonstrat-

ing the phenomena of jet quenching, quantitive studies often necessitate interpreting
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the data through theoretical models which include migration effects. Ideally, one

would like to isolate samples of jets in proton-proton and heavy-ion collisions which

were statistically equivalent when they were produced, differing only by the effects of

the plasma.

In this Chapter, we propose a novel data-driven strategy for comparing heavy-

ion (AA) jet measurements to proton-proton (pp) baselines which mitigates, to a

large extent, the effect of 𝑝𝑇 migration. The famous jet ratio 𝑅AA compares the

effective cross-section for jets in proton-proton and heavy-ion collisions with the same

reconstructed 𝑝𝑇 :

𝑅AA =
𝜎eff
AA

𝜎eff
pp

⃒⃒
⃒⃒
𝑝𝑇

, (4.1)

as illustrated in blue in Fig. 4-1a. Here, we introduce a “quantile” procedure, which

divides jet samples sorted by 𝑝𝑇 into quantiles of equal probability. Our new proposed

observable for heavy-ion collisions is the 𝑝𝑇 ratio between heavy-ion and proton-proton

jets in the same quantile:

𝑄AA =
𝑝AA
𝑇

𝑝pp𝑇

⃒⃒
⃒⃒
Σeff

, (4.2)

as illustrated in red in Fig. 4-1b, where 1 −𝑄AA is a proxy for the average fractional

jet energy loss. (𝑄AA is not related to 𝑄pA used by ALICE [96]). Although 𝑅AA can

be obtained from 𝑄AA if the proton-proton jet spectrum is known, we will see that the

physics interpretation of 𝑅AA and 𝑄AA can be quite different. Fig. 4-1a additionally

shows the pseudo-quantile ̃︀𝑄AA, which is related to the observable 𝑆loss introduced by

PHENIX for single hadrons [97, 98, 99].

To give an intuitive understanding of Eq. (4.2), consider a simplified scenario

where medium-induced energy loss is monotonic in the 𝑝𝑇 of the initial unquenched

jet. In that case, the 𝑛th highest energy jet in a heavy-ion sample is a modified version

of the 𝑛th highest energy jet in the corresponding proton-proton sample. Thus, in

this simplified picture of energy loss, we can obtain a sample of heavy-ion jets that

is statistically equivalent to its proton-proton counterpart by selecting jets with the
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Figure 4-1: (continued) Illustration comparing the ratio and quantile procedures. (a)
The inclusive jet 𝑝𝑇 spectra measured by CMS [93], for a jet radius of 𝑅 = 0.4. The
standard jet ratio 𝑅AA (blue) compares heavy-ion and proton-proton jet cross-sections
vertically at the same reconstructed jet 𝑝𝑇 . (b) The jet 𝑝𝑇 cumulative cross-sections
extracted from Jewel [94, 95]. The quantile procedure𝑄AA (red) compares heavy-ion
and proton-proton jet 𝑝𝑇 thresholds horizontally at the same cumulative cross-section.
From this, one can map each 𝑝AA

𝑇 (base of red arrows) into the 𝑝𝑇 of proton-proton jets
in the same quantile, 𝑝quant𝑇 (tip of red arrows). For completeness, we also show the
pseudo-quantile ̃︀𝑄AA (orange, with corresponding ̃︀𝑝quant𝑇 ) defined on the cross-section
and pseudo-ratio ̃︀𝑅AA (purple) defined on the cumulative cross-section. Though we
will not explore the use of ̃︀𝑄AA or ̃︀𝑅AA in the present study, we note that in Jewel,
the values of 𝑝quant𝑇 and ̃︀𝑝quant𝑇 differ by only a few percent.

same (upper) cumulative effective cross-section:

Σeff(𝑝min
𝑇 ) =

∫︁ ∞

𝑝min
𝑇

d𝑝𝑇
d𝜎eff

d𝑝𝑇
. (4.3)

Note that for comparison to proton-proton cross-sections, heavy-ion cross-sections

must be rescaled by the average number of nucleon-nucleon collisions ⟨𝑁coll⟩: 𝜎eff
pp =

𝜎pp, 𝜎eff
AA = 𝜎AA/⟨𝑁coll⟩. Of course, energy loss is not strictly monotonic in 𝑝𝑇 , since

other properties of a jet and of the jet-medium interaction influence its energy loss and

cause jets with the same initial 𝑝𝑇 to lose different fractions of their energy. Below,

we will quantify the usefulness of this quantile picture in the context of a realistic

event generator where significant non-monotonicities are indeed present.

Due to the steeply-falling jet production spectrum (𝜎 ∼ 𝑝−6
𝑇 ), jets within a given

range in reconstructed heavy-ion 𝑝𝑇 are dominated by those which were least modified

(see e.g. [100]). Addressing this issue requires comparing jets that had the same 𝑝𝑇

when they were initially produced. In rarer events where an energetic 𝛾 or Z boson

is produced back-to-back with a jet, the unmodified boson energy approximates the

initial energy of the recoiling jet [82, 101]. In general jet events, however, the jet

energy before medium effects cannot be measured.

A key result of this work is that the quantile picture also provides a natural proxy

for the unmodified jet 𝑝𝑇 that is observable in general jet events. Given a heavy-ion jet

with reconstructed momentum 𝑝AA
𝑇 , we can define 𝑝quant𝑇 implicitly as the momentum
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of a proton-proton jet with the same (upper) cumulative cross-section:

Σeff
pp(𝑝quant𝑇 ) ≡ Σeff

AA(𝑝AA
𝑇 ). (4.4)

In this quantile picture, 𝑝quant𝑇 is viewed as the initial jet 𝑝𝑇 prior to medium effects.

The mapping from 𝑝AA
𝑇 to 𝑝quant𝑇 is illustrated by the red arrows in Fig. 4-1b, with

𝑝AA
𝑇 = 𝑝quant𝑇 𝑄AA(𝑝quant𝑇 ). Intriguingly, we will show that 𝑝quant𝑇 approximates the 𝑝𝑇

of a heavy-ion jet before quenching with comparable fidelity to the unmodified boson

energy 𝑝Z𝑇 available only in rarer Z+jet events. In particular, comparing properties

of proton-proton and heavy-ion jet samples with the same 𝑝quant𝑇 may substantially

enhance the sensitivity of modification observables by targeting jets that were more

strongly modified.

For the remainder of this work, we consider samples of Z+jet and di-jet events in

the heavy-ion Monte Carlo event generator Jewel 2.1.0 [94, 95], based on vacuum

jet production in Pythia 6 [102]. For each process, we generate 2 million each

of proton-proton and head-on (0 − 10% centrality) heavy-ion events at 2.76 TeV and

reconstruct anti-𝑘𝑡 jets using FastJet 3.3.0 [103, 104] with radius parameter 𝑅 = 0.4

and pseudorapidity |𝜂| < 2. We include initial state radiation but do not include

medium recoils, since medium response is not expected to have a significant effect on

Eq. (4.3) at the values of 𝑝min
𝑇 considered here. For Z+jet events we identify the Z

from its decay to muons and consider the leading recoiling jet, and for di-jet events we

consider the two highest-𝑝𝑇 jets. We consider Z+jet instead of 𝛾+jet events to avoid

introducing additional cuts to isolate prompt photons which could bias the validation.

The default heavy-ion background in Jewel is a Bjorken expanding medium with

initial peak temperature 𝑇𝑖 = 485 MeV and formation time 𝜏𝑖 = 0.6 fm, consistent

with the parameters used to fit data at 2.76 TeV in more realistic hydrodynamic

simulations [95, 105].

Using these Z+jet and di-jet samples from Jewel, Fig. 4-2a shows the standard

𝑅AA (also called 𝐼AA for Z+jet) and Fig. 4-2b shows the 𝑝𝑇 ratio 𝑄AA. Although

the 𝑅AA for Z+jet and di-jet events have significantly different 𝑝𝑇 -dependence, it is
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Figure 4-2: Distributions of (a) 𝑅AA as a function of 𝑝jet𝑇 and (b) 𝑄AA as a function
of 𝑝quant𝑇 , for the Z+jet (dashed) and di-jet (solid) samples in Jewel. Although 𝑅AA

and 𝑄AA are derived from the same underlying jet 𝑝𝑇 spectra, they provide different
and complementary information. For example, the 𝑝𝑇 dependence of 𝑅AA is very
different for Z+jet and di-jet events in Jewel, while the average fractional 𝑝𝑇 loss
1 −𝑄AA is similar. Note that 𝑅AA requires binning of the data, while 𝑄AA, which is
based on the cumulative cross-section, can be plotted unbinned.
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interesting that the average fractional energy loss of jets is very similar, as quantified

by 1 − 𝑄AA. This might be surprising since Z+jet and di-jet events have different

fractions of quark and gluon jets, though Ref. [106] suggests that quark and gluon jets

may experience similar energy loss in Jewel; whether this is borne out in data is an

open question. Regardless, it is clear that 𝑅AA and 𝑄AA offer complementary probes

of the jet quenching phenomenon and are therefore both interesting observables in

their own right. The quantile procedure also shows that the highest-𝑝𝑇 jets lose a

small fraction of their energy on average ((1 − 𝑄AA) ∼ 5%), even though 𝑅AA is far

below one. This result can be compared to other methods for extracting the average

energy loss from data, for example Ref. [107].

We now turn to validating the interpretation of 𝑝quant𝑇 as a proxy for the initial

𝑝𝑇 of a heavy-ion jet before quenching by the medium. In Z+jet events, 𝑝Z𝑇 can be

used as a baseline for the (approximate) initial 𝑝𝑇 of the leading recoiling jet, since

the Z boson does not interact with the quark-gluon plasma. For a given value of 𝑝Z𝑇 ,

there is a distribution of recoil jet momenta whose mean is shown in the upper panel

of Fig. 4-3a. Even in proton-proton collisions, the recoiling jet 𝑝𝑇 is systematically

lower on average than 𝑝Z𝑇 due to out-of-cone radiation and events with multiple jets.

In heavy-ion collisions, it is even lower due to energy loss. Intriguingly, the mean

value of 𝑝quant𝑇 (red) is much more comparable to that of 𝑝pp𝑇 (dashed black) than 𝑝AA
𝑇

(blue) is, indicating that 𝑝quant𝑇 is a good proxy for the initial jet 𝑝𝑇 . On the other

hand, the standard deviation of 𝑝quant𝑇 , shown in the lower panel of Fig. 4-3a, is higher

than that of 𝑝pp𝑇 due to energy loss fluctuations. These cannot be undone by the

quantile procedure, which can only give a perfect reconstruction of the distribution

of 𝑝pp𝑇 in the case of strictly monotonic energy loss.

We emphasize that the distribution in Fig. 4-3a is physically observable and could

be used to validate the quantile procedure in experimental data. Crucially, quantile

matching can also provide a baseline for the initial jet 𝑝𝑇 in general jet events. To

validate this in di-jet events at the generator level, we use the 𝑝𝑇 of the partons from

the initial hard matrix element in Jewel, 𝑝MC
𝑇 , as an (unphysical and unobservable)

baseline for the initial jet 𝑝𝑇 (see [108]). We consider the two highest-𝑝𝑇 jets and
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Figure 4-3: Mean of the jet 𝑝𝑇 distribution compared to a baseline initial 𝑝𝑇 (top),
along with the corresponding standard deviation (bottom). Shown are (a) Z+jet
events where the baseline is the physically observable 𝑝𝑇 of the recoiling Z boson and
(b) di-jet events where the baseline is the unphysical and unobservable 𝑝MC

𝑇 of the
initial hard scattering obtained from Jewel. The reconstructed jet 𝑝𝑇 for proton-
proton and heavy-ion jets are shown in dashed black and blue, respectively. The
𝑝quant𝑇 of the heavy-ion sample, shown in red, more closely matches the initial jet 𝑝𝑇
than the reconstructed heavy-ion 𝑝𝑇 does.
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match each jet with the 𝑝MC
𝑇 that minimizes ∆𝑅 =

√︀
∆𝜂2 + ∆𝜑2 between the jet

and the parton. Each of the two jets then enters independently in Fig. 4-3b, which

demonstrates the correlation of the jet 𝑝𝑇 to 𝑝MC
𝑇 for proton-proton and heavy-ion

jets, with the results of the quantile procedure in red. Fig. 4-3b is the only figure

in this work that involves an unobservable quantity, and it shows remarkably similar

features to Fig. 4-3a which can be measured experimentally.

It might be surprising that the curves in Fig. 4-3 are fairly flat as a function of the

baseline initial 𝑝𝑇 . This can be understood, however, from a minimal model in which

the final energy of a jet is obtained from its initial energy via gaussian smearing.

Consider the probability distribution

𝑝(𝑝AA
𝑇 |𝑝in𝑇 ) =

∫︁
d𝑝pp𝑇 𝒩 (𝑝AA

𝑇 |𝜇̃2𝑝
pp
𝑇 , 𝜎̃2𝑝

pp
𝑇 )𝒩 (𝑝pp𝑇 |𝜇̃1𝑝

in
𝑇 , 𝜎̃1𝑝

in
𝑇 ). (4.5)

Here, 𝒩 (𝑥|𝜇, 𝜎) is a normal distribution in the variable 𝑥 with mean 𝜇 and standard

deviation 𝜎, and 𝜇̃1,2 and 𝜎̃1,2 are dimensionless constants. Eq. (4.5) describes the

probabilistic relation between the seed-parton momentum 𝑝in𝑇 (interpreted as 𝑝Z𝑇 or

𝑝MC
𝑇 ) and the quenched momentum 𝑝AA

𝑇 via two stages of gaussian smearing: first

from 𝑝in𝑇 to the unquenched jet momentum 𝑝pp𝑇 , and then from 𝑝pp𝑇 to the quenched

momentum 𝑝AA
𝑇 . Integrating over intermediate values of 𝑝pp𝑇 gives 𝑝(𝑝AA

𝑇 |𝑝in𝑇 ), the

probability of 𝑝AA
𝑇 for fixed 𝑝in𝑇 . This is an example of a model in which the average

energy loss is monotonic in 𝑝𝑇 , since 𝜇2 = 𝜇̃2 𝑝
pp
𝑇 is a monotonic function of 𝑝pp𝑇 , but

energy loss is not monotonic in 𝑝𝑇 jet-by-jet since 𝜎̃2 ̸= 0.

The mean and standard deviation of the distribution in Eq. (4.5) can be calculated

analytically (see [109]):

⟨𝑝AA
𝑇 /𝑝in𝑇 ⟩ = 𝜇̃1 𝜇̃2,

𝜎
(︀
𝑝AA
𝑇 /𝑝in𝑇

)︀
=

√︁
𝜇̃2
1 𝜎̃

2
2 + 𝜇̃2

2 𝜎̃
2
1 + 𝜎̃2

1 𝜎̃
2
2,

(4.6)

though the resulting distribution is not generally gaussian. These can be compared to

the upper and lower panels, respectively, of Fig. 4-3. The fact that Eq. (4.6) has no 𝑝in𝑇 -

dependence is consistent with the fact that the curves in Fig. 4-3 are approximately
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Figure 4-4: Distribution of 𝑚/𝑝𝑇 for proton-proton (dashed black) and heavy-ion (blue)
jets in di-jet events with reconstructed 𝑝𝑇 ∈ [100, 200] GeV. Heavy-ion jets with
𝑝quant𝑇 ∈ [100, 200] GeV, corresponding to 𝑝AA

𝑇 ∈ [80, 173] GeV, are in red. The heavy-ion
result is normalized to match the proton-proton baseline but the quantile result has the
correct normalization by construction. Partially compensating for 𝑝𝑇 migration via the
quantile procedure shifts 𝑚/𝑝𝑇 towards being less modified.

flat. To the extent that this model is semi-realistic, Eq. (4.6) and a measurement

of Fig. 4-3a would provide an estimate of the average energy loss and the size of

energy loss fluctuations. Taking approximate values from Fig. 4-3a at 𝑝Z𝑇 = 300 GeV

of ⟨𝑝pp𝑇 /𝑝Z𝑇 ⟩ ≡ 𝜇̃1 ≈ 0.87, 𝜎
(︀
𝑝pp𝑇 /𝑝

in
𝑇

)︀
≡ 𝜎̃1 ≈ 0.2 𝜇̃1 = 0.17, ⟨𝑝AA

𝑇 /𝑝Z𝑇 ⟩ ≈ 0.74, and

𝜎
(︀
𝑝AA
𝑇 /𝑝Z𝑇

)︀
≈ 0.24 ⟨𝑝AA

𝑇 /𝑝Z𝑇 ⟩ = 0.18, Eq. (4.6) yields 𝜇̃2 ≈ 0.85 and 𝜎̃2 ≈ 0.12. It is

satisfying that this extracted 𝜇̃2 value is comparable to 𝑄AA in Fig. 4-2b, which is a

more direct proxy for fractional energy loss.

As a final application in this Chapter, we demonstrate how the quantile procedure

can be used to characterize the effects of 𝑝𝑇 migration via an example jet substructure

observable, the dimensionless ratio of the jet mass to its reconstructed 𝑝𝑇 , 𝑚/𝑝𝑇 .

Fig. 4-4 shows distributions of 𝑚/𝑝𝑇 for proton-proton and heavy-ion jets in a range

of reconstructed 𝑝𝑇 in dashed black and blue, respectively. Heavy-ion jets with that

range of 𝑝quant𝑇 are those in the same quantile as the proton-proton baseline, and 𝑚/𝑝𝑇
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for that sample is shown in red. For the purpose of this example, we define 𝑚/𝑝𝑇

from the reconstructed jet mass and 𝑝𝑇 , such that the effect of the quantile procedure

is only to change the 𝑝𝑇 range of jets in the selection. Using the quantile procedure

to (partially) account for the migration of jets to lower 𝑝𝑇 , the red distribution shifts

toward 𝑚/𝑝𝑇 being less modified. We note that the jet mass is known to have

significant corrections from medium response [110, 111] so this should be taken only

as an illustrative example.

In conclusion, we introduced a new strategy for comparing heavy-ion jets to a

baseline of proton-proton jets in the same quantile when sorted by 𝑝𝑇 . As shown in

Fig. 4-2, our new 𝑄AA observable is based on the same jet 𝑝𝑇 spectra as 𝑅AA but

exposes different and complementary information. As shown in Fig. 4-3, our new

𝑝quant𝑇 observable is closely correlated with the initial 𝑝𝑇 a heavy-ion jet had before

energy loss to the plasma. Thus, the quantile procedure provides a data-driven way to

study the modification of quenched jets and minimize the effects of sample migration.

Experimental tests in Z+jet or 𝛾+jet can validate the effectiveness of 𝑝quant𝑇 as a proxy

for the initial 𝑝𝑇 of a heavy-ion jet. If these tests are successful, the quantile procedure

can then be used to re-analyze measurements of jet modification observables in general

jet events with an aim toward characterizing and minimizing 𝑝𝑇 migration effects and

thus compare jet samples that were born alike. The measurement of 𝑄AA will provide

information on the functional form of the average energy loss which would further

constrain theoretical models. It can also be used to measure differences in average

energy loss between quark- and gluon-dominated jet samples. Measurements of 𝑄AA

with jet grooming [112, 113, 114, 115, 116] may also elucidate, for example, how

energy is lost by the hard core of a jet compared to the diffuse periphery. It would

also be interesting to study the application of this procedure to understanding energy

loss fluctuations. Finally, Fig. 4-1 shows two additional observables—the pseudo-ratio
̃︀𝑅AA and pseudo-quantile ̃︀𝑄AA—which may be relevant for experimental applications.
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Chapter 5

Separating Quark and Gluon Jets

The work reported in this section is based on work in preparation in collaboration with

Jesse Thaler and Andrew Patrick Turner. The abstract can be found in Section 2.1.

High-energy collisions between large nuclei at the Relativistic Heavy Ion Collider

(RHIC) and the Large Hadron Collider (LHC) are a critical laboratory for study-

ing the deconfined phase of QCD matter, the quark–gluon plasma, created in these

collisions. Collimated sprays of high-momentum hadrons, called jets, are produced co-

piously in these collisions and provide an important probe of the quark–gluon plasma

they pass through.

A long-standing question is how the quark–gluon plasma resolves the color charge

of high-energy QCD partons [117, 118, 119, 120, 121, 122]. Since jets can originate

from either a quark or gluon, and subsequently carry information about their respec-

tive total color charge, it is crucial to understand differences in the energy loss and

modification of these two categories of jets. Unfortunately, accessing independent

information about quark and gluon jets experimentally is very challenging because

all jet measurements involve a mixture of contributions from both.

In this Chapter, we demonstrate a data-driven method to estimate both the quark

and gluon jet fractions and their separate substructure modification in heavy-ion

collisions. Our method is based on a statistical technique called topic modeling,

which was pioneered for applications to quark and gluon jet separation in proton–

proton collisions in Refs. [123, 124]. We present a proof-of-concept that an extension
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of that technique can be used to extract differences in the modification of quark and

gluon jets in heavy-ion collisions with the statistics anticipated in Run 4 of the LHC.

This is a critical step toward a model-independent determination of quark and gluon

jet modification in heavy-ion collisions, which would have dramatic consequences for

understanding the microscopic structure of the quark–gluon plasma.

A similar type of analysis was recently performed in Ref. [125], which used a

measurement of the jet charge and templates for the jet charge distributions of quark

and gluon jets to extract the gluon fraction in proton–proton and heavy-ion collisions.

In that study, the same Monte Carlo (MC) distributions were used as templates in

both proton–proton and heavy-ion collisions, which makes the implicit assumption

that the jet charge distributions of quark and gluon jets are unmodified by the quark–

gluon plasma. Here, we present a method that does not require templates and does

not assume that substructure observables are unmodified by the plasma, allowing for

simultaneous estimates of the modification of quark and gluon jet fractions and of

their distributions.

Our method is based on a statistical technique called Demix [126] that separates

a pair of mixed probability distributions into two common underlying base distribu-

tions. This method was demonstrated in Refs. [123, 124] as a way to obtain excellent

proxies for quark and gluon jets in proton–proton collisions. Consider two proba-

bility distributions 𝑝1(𝑥), 𝑝2(𝑥) for a jet observable 𝑥 that are a distinct mixture of

the same two underlying base probability distributions 𝑏1(𝑥), 𝑏2(𝑥). Namely, we can

express the mixture distributions as 𝑝𝑗(𝑥) = 𝑓𝑗 𝑏1(𝑥) + (1 − 𝑓𝑗) 𝑏2(𝑥), for distinct

fractions 𝑓𝑗. This expression of the 𝑝𝑗 is always ambiguous, however, since there are

infinitely many ways to mix the base distributions 𝑏𝑖(𝑥) among themselves to obtain

new distributions 𝑏̃𝑖(𝑥) from which the mixture distributions can be expressed as

𝑝𝑗(𝑥) = 𝑓𝑗 𝑏̃1(𝑥) + (1 − 𝑓𝑗) 𝑏̃2(𝑥) with new fractions 𝑓𝑗. The idea behind Demix is to

resolve this ambiguity by further requiring that the base distributions are mutually

irreducible [127]. Qualitatively, this means that neither base distribution contains

any component of the other; a precise definition will follow shortly. We refer to the

mutually irreducible base distributions as topics, for their relation to the broader field
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of topic modeling established in Ref. [123]. See Refs. [128, 129, 130] for other uses of

topic modeling techniques in collider physics.

The notion of “quark- and gluon-initiated jets” is not well-defined at the hadron

level. Even at the level of a MC generator, where parton information from the hard

process is available, there is still an ambiguity about how to associate final-state jets

with their initiating parton. Therefore, the quark and gluon topics we discuss in

this Chapter do not correspond directly to any parton-level intuition about quark-

and gluon-initiated jets [131]. Instead, these topics correspond to the operational

definition of jets introduced in Ref. [124], which defines the quark and gluon categories

as the mutually irreducible (i.e., maximally separable) distributions underlying a pair

of jet samples. To minimize potential confusions, we will often use the language of

quark-like and gluon-like (or “quark” and “gluon” in quotes) to refer to this operational

definition.

Since the base distributions extracted from a jet observable 𝑥 using Demix are mu-

tually irreducible, they can only agree with the MC quark and gluon jet distributions

of 𝑥 if those are also mutually irreducible. It was argued in Ref. [123] that quark–

gluon mutual irreducibility is approximately satisfied for the constituent multiplicity

(number of hadrons reconstructed as part of a jet) of groomed and ungroomed jets

and 𝑛SD [132] in proton–proton collisions, though not for other common jet observ-

ables like jet mass. This stems from counting observables having exact quark–gluon

mutual irreducibility in the high-energy limit [132]. Ref. [124] further showed that

constituent multiplicity is a nearly optimal classifier to separate operationally defined

quark and gluon jets (see Ref. [133] for further developments). We thus focus on

constituent multiplicity for extracting quark and gluon fractions in our case study.

The algorithm to extract the mutually irreducible base distributions is straight-

forward. Base distributions are computed from the mixture distributions via

𝑏1(𝑥) =
𝑝1(𝑥) − 𝜅12 𝑝2(𝑥)

1 − 𝜅12
,

𝑏2(𝑥) =
𝑝2(𝑥) − 𝜅21 𝑝1(𝑥)

1 − 𝜅21
,

(5.1)
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with

𝜅𝑖𝑗 = inf
𝑥

𝑝𝑖(𝑥)

𝑝𝑗(𝑥)
. (5.2)

The reducibility factor 𝜅𝑖𝑗 is the maximum fraction of 𝑝𝑗(𝑥) that can be subtracted

from 𝑝𝑖(𝑥) such that the resulting function remains positive for every 𝑥, and can thus

be normalized to yield a proper probability distribution. Mutual irreducibility of the

𝑝𝑖 is precisely the condition that 𝜅12 = 𝜅21 = 0. The 𝜅𝑖𝑗 are directly related to the

mixture fractions:

𝜅12 =
1 − 𝑓1
1 − 𝑓2

, 𝜅21 =
𝑓2
𝑓1
. (5.3)

For two analytically known mixtures of two base distributions, it is essentially trivial

to compute 𝜅𝑖𝑗 using eq. (5.2) and then to extract the mutually irreducible underlying

distributions using eq. (5.1). As an example, two Gaussian distributions with different

mean and the same standard deviation are mutually irreducible, so any two convex

mixtures built from them can be demixed exactly.

When dealing with finite-sampled distributions, however, one encounters substan-

tial technical difficulties using eq. (5.2) directly. A histogram of samples from a

probability distribution 𝑝(𝑥) has a finite, discretized range of histogram bins {𝑥𝑘}
at which 𝑝(𝑥) is estimated from the finite-statistics sampled distribution, 𝑝(𝑥𝑘). We

need a method of defining the reducibility factors 𝜅̂𝑖𝑗 for a pair of sampled histograms.

Naively, the infimum of eq. (5.2) becomes a minimum of the ratio of the histograms

over {𝑥𝑘}; simply taking the minimum, however, is very sensitive to statistical fluc-

tuations. A more robust approach, introduced in Ref. [124], is to define 𝜅̂𝑖𝑗 to be the

ratio of histograms in the bin for which the ratio plus its uncertainty is minimized.

This method turns out to be insufficient to deal with the much more limited statistics

we aim to utilize in this work, particularly because 𝜅̂𝑖𝑗 is typically extracted at the

low-statistics end points of the distributions.

One way to address the issue of limited statistics is by using fitting to leverage

information about the interior of the distribution, where the statistics are better, to

put additional constraints on the tails. We note that the histograms shown later

in figs. 5-1a and 5-1d are exceptionally well-described by a simultaneous fit to two
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distinct sums of a pair of skew-normal distributions SN(𝑥;𝜇, 𝜎, 𝑠). That is, they are

well-described by the form

𝑓𝑁(𝑥;𝛼𝑖,𝜃) =
𝑁∑︁

𝑘=1

𝛼𝑖,𝑘 SN(𝑥;𝜇𝑘, 𝜎𝑘, 𝑠𝑘) (5.4)

with 𝑁 = 2. Here 𝜃 = (𝜇1, 𝜎1, 𝑠1, . . . , 𝜇𝑁 , 𝜎𝑁 , 𝑠𝑁), and 𝛼𝑖 = (𝛼𝑖,1 . . . , 𝛼𝑖,𝑁) contains

𝑁 − 1 independent fractions, with the 𝑁th fraction constrained by
∑︀𝑁

𝑘=1 𝛼𝑖,𝑘 = 1, for

jet samples 𝑖 = 1, 2 (dijet and 𝛾+jet in figs. 5-1a and 5-1d). For further generality

of the functional form, we consider 𝑁 = 4 and simultaneously fit the two input

distributions to 𝑓4(𝑥;𝛼1,𝜃) and 𝑓4(𝑥;𝛼2,𝜃), respectively, with 18 fit parameters 𝛼1,

𝛼2, and 𝜃. To estimate the uncertainty on such fits, we use the Markov Chain Monte

Carlo (MCMC) ensemble sampler emcee [134] to do posterior estimation using the

likelihood function [135]

ln
𝐶

𝑝
=

∑︁

𝑖,𝑗

𝑛𝑖

[︂
𝑓(𝑥𝑖,𝑗;𝛼𝑖,𝜃) − 𝑦𝑖,𝑗 + 𝑦𝑖,𝑗 ln

𝑦𝑖,𝑗
𝑓(𝑥𝑖,𝑗;𝛼𝑖,𝜃)

]︂
. (5.5)

Here, 𝑗 indexes the histogram bins of jet sample 𝑖, with the 𝑗th bin having constituent

multiplicity 𝑥𝑖,𝑗 and probability density 𝑦𝑖,𝑗, and the 𝑖th sample having total count 𝑛𝑖.

This form assumes that the number of counts in each histogram bin, 𝑛𝑖,𝑗 = 𝑛𝑖𝑦𝑖,𝑗, are

independently Poisson-distributed around the value 𝑓(𝑥𝑖,𝑗;𝛼𝑖,𝜃), and estimates dis-

tributions of the parameters 𝛼𝑖,𝜃 for which the observed data is most likely. Following

Refs. [135, 136], the likelihood function 𝑝 in eq. (5.5) is rescaled by a fit-independent

constant 𝐶 that cancels a ln(𝑛𝑖,𝑗!) that arises when taking the log of the Poisson prob-

ability distribution. We take a uniform prior on the parameters 𝜃 and 𝛼𝑖 in the range

𝜇𝑘 ∈ [0, 50], 𝜎𝑘 ∈ [1, 15], 𝑠𝑘 ∈ [−20, 20], and 𝛼𝑖,𝑘 ∈ [0, 1], and we start the MCMC

walkers in a Gaussian ball of standard deviation 10% around the least-squares fit

parameters. We use the distribution of fits to obtain distributions of 𝜅̂𝑖𝑗 via eq. (5.2).

To combat finite statistics effects, we compute the infimum in eq. (5.2) as a minimum

of the MCMC walkers over a reduced range. We consider only the range for which at

least one input histogram is non-zero. For each reducibility factor, we further identify
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whether the minimum will occur on the left or right side of the range, and truncate

the opposite tail at the outermost bin that has at least 10 data points for each input

histogram. The distribution of 𝜅̂𝑖𝑗 is used to compute a distribution of fractions, and

its mean and standard deviation are used as the value and uncertainty of 𝜅̂𝑖𝑗 used to

extract the topics.

The samples for our proof-of-concept study come from the heavy-ion MC event

generator Jewel 2.1.0 [94, 95], based on vacuum jet production in Pythia 6.4.25 [102].

We consider two mixed distributions coming from photon-jet (𝛾 + jet) production

and dijet production. For each process, we generate proton–proton and 0 % to 10 %

centrality heavy-ion events at 5.02 TeV and reconstruct anti-𝑘𝑡 jets using FastJet

3.3.0 [103, 104] with radius parameter 𝑅 = 0.4 within the pseudorapidity range

|𝜂| < 1. We include initial-state radiation, but do not include medium recoil effects.

(There is no underlying event model in Jewel, but we verified that similar results

can be obtained after aggressively grooming jets using the Soft Drop algorithm [116]

with 𝑧cut = 0.5 and 𝛽 = 1.5 as in Ref. [137].) For 𝛾 + jet events, we consider the

recoiling jet with the highest transverse momentum (𝑝𝑇 ), and for dijet events, we

consider the two highest-𝑝𝑇 jets. In the case of heavy-ion collisions, we downsample

our Jewel events to mimic the statistics that will be available with the anticipated

luminosity
∫︀
ℒd𝑡 = 13 nb−1 after Run 4 [138].

To match the statistics available in Run 4 of the LHC, we had to downsample our

heavy-ion 𝛾+ jet events. The equivalent statistics of our dijet sample are already less

than those achievable in Run 4, but this substantially reduces the statistics of our

𝛾+ jet sample. The expected integrated luminosity for heavy-ion collisions after Run

4 is ℒ𝐴𝐴,tot =
∫︀
ℒd𝑡 = 13 nb−1. We should note, however, that the luminosity we are

interested in is multiplied by a factor of 𝐴2 = 2082 for lead–lead collisions, ℒ𝑛𝑛,tot =

2082ℒ𝐴𝐴,tot [139]. With the total cross-section 𝜎 for a process, this gives the number of

events𝑁 = 𝜎ℒ𝑛𝑛,tot. Since our Jewel sample is based on weighted events, we perform

a standard unweighting procedure to simulate the statistics possible after Run 4. If we

have 𝑁𝑤 weighted events, the unweighting procedure probabilistically chooses some

subset of these events to act as unweighted events. To obtain an expected number
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of kept events 𝑁 , the 𝑗th event is (independently) kept with probability 𝑝𝑗 = 𝑁
𝑤𝑗

𝑤tot
,

where 𝑤tot =
∑︀

𝑗 𝑤𝑗. Note that this puts a constraint on the required size of 𝑁𝑤 to

be able to unweight it to a sample of size 𝑁 , namely that 1 ≥ 𝑝max = 𝑁 𝑤max
𝑤tot

, with

𝑤max being the maximum value of 𝑤𝑗. We unweight our proton–proton sample per

𝑝𝑇 bin by fixing 𝑝max = 1 in each bin and downsampling to a sample of expected size

𝑁 . After this unweighting we have 63603 and 42466 jets in dijet and 𝛾+jet samples,

respectively, with 𝑝𝑇 ∈ [100, 120] GeV, 25046 and 18488 with 𝑝𝑇 ∈ [120, 140] GeV,

and 13707 and 9260 with 𝑝𝑇 ∈ [140, 160] GeV. For clarity, we downsample our heavy-

ion results uniformly across all 𝑝𝑇 bins so that the resulting statistics correspond to

fixed luminosities of 13 and 37 nb−1. Our 13 nb−1 𝛾+jet sample has 6453, 2825, and

1436 jets in 𝑝𝑇 ranges [100, 120] GeV, [120, 140] GeV, and [140, 160] GeV, respectively.

Our dijet sample has lower luminosity with 71098, 32318, and 15747 jets, respectively,

in the same 𝑝𝑇 bins.

Starting with proton–proton collisions in the top row of fig. 5-1, we show the

distributions of jet constituent multiplicity for 𝛾 + jet and dijet samples (fig. 5-1a)

and the “quark-like” and “gluon-like” topics extracted from these distributions via the

data-driven method described above (fig. 5-1b). The corresponding heavy-ion results

are shown in figs. 5-1d and 5-1e, keeping in mind that the proton–proton and heavy-

ion analyses are completely independent. The extracted topics are in good agreement

with the distributions of constituent multiplicity for quark- and gluon-initiated jets

as defined at the MC level.

Furthermore, we can use eq. (5.3) to extract the topic fractions, i.e., the propor-

tions of the topics in the original input distributions. Figures 5-1c and 5-1f show the

extracted fraction of the gluon-like topic in the 𝛾+ jet and dijet samples as a function

of jet 𝑝𝑇 . The gluon topic fractions are marginally higher than the MC-level fraction

of gluon-initiated jets in proton–proton collisions, and more dramatically higher in

heavy-ion collisions. In interpreting these results, however, one has to be mindful

both of the inherent ambiguity in using MC-level information to label jets, and the

effect of limited statistics.

It is important to remember that MC-level information is inherently ambigu-
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Figure 5-1: Extracting quark-like and gluon-like jet topics from (top row) proton–
proton collisions and (bottom row) heavy-ion collisions, as generated by Pythia and
Jewel, respectively. (a) Normalized distributions of jet constituent multiplicity for
the 𝛾 + jet and dijet samples in proton–proton collisions. (b) The two underlying
topics extracted from these distributions using the Demix method (colorful bands),
compared to the self-normalized MC-level definition of quark- and gluon-initiated
jets (black) for those jets within ∆𝑅 = 0.4 of an initiating parton. (c) Fractions
of the gluon-like topic in the 𝛾 + jet and dijet samples, compared to the MC-level
quark- and gluon-initiated jet fractions. The corresponding results for heavy-ion
collisions are shown in (d)–(f). The heavy-ion 𝛾+jet statistics are chosen to match
those available in Run 4 at the LHC. Possible reasons for the higher gluon-like topic
fractions compared to the MC label fractions are provided in the text.

ous. Here we defined the MC quark- and gluon-initiated jet distributions (𝛾 + quark

and 𝛾 + gluon in fig. 5-1) to include only those from jets whose axis is within

∆𝑅 =
√︀

∆𝜂2 + ∆𝜑2 = 0.4 from a quark or gluon in the initial hard scattering matrix

element. This requirement is only satisfied, however, by 87% and 90% of the jets in

our heavy-ion sample of 𝛾 + jet and dijets, respectively, with 𝑝𝑇 ∈ [100, 120] GeV. In

the analogous proton–proton samples, it is satisfied for 94% and 95% of the jets in

𝛾 + jet and dijet samples, respectively. (These percentages can be further increased

by requiring the two jets, or the photon and jet, be nearly back-to-back in azimuthal

angle.) Particularly for our heavy-ion results, this implies that the 𝛾 + jet and dijet

samples are not direct combinations of the MC-level quark and gluon jet distributions.

78



100 120 140 160

Jet pT (GeV)

0.0

0.2

0.4

0.6

0.8

1.0

G
lu

on
-l

ik
e

F
ra

ct
io

n

Proton–Proton
Pythia 6.4.25

All Jets ∆R < 0.4 MC

γ+jet

γ+jet

,

,

,

,

γ+jet

dijet

,

,

,

,

γ+jet

dijet

,

,

,

,

(a)

100 120 140 160

Jet pT (GeV)

0.0

0.2

0.4

0.6

0.8

1.0

G
lu

on
-l

ik
e

F
ra

ct
io

n

Heavy-Ion
Jewel 2.1.0

All Jets ∆R < 0.4 MC

γ+jet

γ+jet

,

,

,

,

γ+jet

dijet

,

,

,

,

γ+jet

dijet

,

,

,

,

(b)

Figure 5-2: Gluon-like topic fractions for (a) proton–proton collisions and (b) heavy-
ion collisions, as a function of jet 𝑝𝑇 , for the 𝛾+jet (hatched) and dijet (solid) samples.
Colorful bands are the extracted gluon-like topic fractions from the full 𝛾 + jet and
dijet distributions, as already shown in figs. 5-1c and 5-1f. Black bands show for
comparison the gluon-like topic fractions extracted from (unphysically) restricted
𝛾 + jet and dijet samples including only jets whose axis is within ∆𝑅 = 0.4 of a
parton in the hard scattering matrix element.

Thus, one might wonder whether part of the mismatch between the gluon-like

fractions seen in fig. 5-1f could be due to the fundamental ambiguity in jet flavor

labeling. In fig. 5-2, we study this by (unphysically) restricting the 𝛾 + jet and dijet

distributions to those jets whose axis is within ∆𝑅 = 0.4 of an initiating parton,

and then using these restricted samples to perform the topic extraction. This has

relatively little impact on the gluon-like topic fraction, though it tends to make it

somewhat more similar to the MC-level gluon-initiated jet fraction.

In addition to MC label ambiguities, limited statistics drive the extraction of 𝜅

from eq. (5.2) into the interior of the distribution where the true minimum is not

yet achieved, and can thus artifically enhance the extracted gluon-like topic frac-

tion. While the proton–proton results are relatively robust to statistical effects, the

heavy-ion results are impacted by the lower statistics expected for LHC Run 4. This

particularly affects the 𝛾 + jet sample, where the statistics only enable a rough es-

timate of the constituent multiplicity distribution. In fig. 5-3, we show the result of

topic extraction after increasing the 𝛾+ jet sample to have a factor of about 2.8 more

events than expected in LHC Run 4. With limited statistics, the method tends to

overestimate the gluon-like fraction, though the results are consistent within uncer-
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Figure 5-3: Same as the bottom row of fig. 5-1, but using a factor of about 2.8
higher 𝛾 + jet statistics than expected after LHC Run 4. With more events, the
agreement of the distribution of the quark-like topic (purple) relative to the MC-level
definition (black) is somewhat improved compared to fig. 5-1e, though the gluon-like
topic fraction remains high compared to the MC label fraction.

tainties. With the higher statistics, the gluon-like topic fractions remain higher than

the MC-level fractions, though there may be remaining limited statistics effects even

in the higher statistics sample.

Even accounting for these issues, we find a persistently larger gluon-like fraction

compared to the MC labeling, at least in the context of Jewel. One possible ex-

planation for this effect is that a “quark-initiated” jet may become more gluon-like

through gluon radiation, an effect which may be enhanced by medium-induced gluon

radiation in heavy-ion collisions. For methods like this one, as well as for the method

in Ref. [125], this would result in a larger fraction of jets being classified as gluon jets.

It is also possible that constituent multiplicity, though apparently nearly mutually ir-

reducible in proton–proton collisions, may be less mutually irreducible in the presence

of medium effects, so alternative observables (perhaps from machine learning [124])

might be required. Understanding these issues will be important for interpreting

eventual LHC Run 4 data, but we emphasize that the operational definition used to

define the quark-like and gluon-like topics is independent of its interpretation.

As a final proof-of-concept, in fig. 5-4 we show the modification of the jet con-

stituent multiplicity distributions for the quark-like (fig. 5-4a) and gluon-like (fig. 5-

4b) jet topics as a function of 𝑝𝑇 . To our knowledge, this represents the first fully

data-driven method to separate the modification of a jet observable for “quark” and

“gluon” jets. Though we show here the modification of the constituent multiplicity dis-
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Figure 5-4: Constituent multiplicity distributions for (a) the quark-like topic and (b)
the gluon-like topic as a function of jet 𝑝𝑇 for 𝑝𝑇 bins [100, 120] GeV, [120, 140] GeV,
and [140, 160] GeV. Each violin plot has results for both (left side) proton–proton and
(right side) heavy-ion collisions, and the change between the two sides illustrates the
modification of the constituent multiplicity distribution for the corresponding topic.
Horizontal lines indicate the median (solid) and 16% and 84% quantiles (dashed) of
the multiplicity distributions.

tribution for clarity, we emphasize that once the topic fractions have been extracted,

they can be used to extract separate quark and gluon distributions for any jet observ-

able. Since both jet observable distributions and the quark and gluon fractions may

change between proton–proton and heavy-ion collisions, it is substantially simpler to

interpret the separate modification of quark and gluon topics compared to, e.g., the

modification of the dijet distribution. The fact that the constituent multiplicities of

heavy-ion jets simulated in Jewel are lower compared to proton–proton jets with the

same 𝑝𝑇 may be due, at least in part, to a selection bias favoring those (typically lower

multiplicity) jets that lost least energy, as discussed in Chapter 1. Though not shown

here, the method of Chapter 4 (Ref. [50]) could be used to match the proton–proton

and heavy-ion jet 𝑝𝑇 quantiles and further clarify the interpretation.

In summary, we have illustrated a data-driven method to extract quark-like and

gluon-like topic fractions and distributions in proton–proton and heavy-ion collisions.

Using Jewel samples of comparable statistics to those anticipated in Run 4 of the

LHC, we have shown that these topics have a similar qualitative interpretation to the

(physically ambiguous) definition of the quark and gluon jets at parton level available
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from MC generators. We have further shown, as an example, the modification of the

constituent multiplicity in heavy-ion collisions separately for quark and gluon jet top-

ics. This study offers an exciting proof-of-concept demonstration of the power of the

topic modeling to interpret future heavy-ion collision data, though more quantitative

studies will of course be necessary to understand the feasibility of this analysis and

associated systematic uncertainties.

We leave a detailed study of the impact of underlying event and background

subtraction, medium response, and experimental inefficiencies as important future

work. Constituent multiplicity may be particularly difficult to measure in heavy-ion

collisions due to the large and fluctuating underlying event and the associated un-

certainties arising from background subtraction. Additional studies will be necessary

to understand how under- or over-subtracted background and particles from medium

response may impact the topic extraction shown here. In the presence of these effects,

it may prove more clean to use the constituent multiplicity of jets groomed with the

Soft Drop algorithm for this analysis. Alternatively, it may be possible to consider

the multiplicity of hadrons above some 𝑝𝑇 threshold to remove the contribution from

medium response. In addition, some of the interpretations suggested here can be stud-

ied in detail in other models. For example, the model in Ref. [140] does not include

medium-induced radiation, and could thus be used to assess whether medium-induced

gluon radiation could be responsible for the larger deviation of the gluon topic frac-

tion from the MC label fraction in heavy-ion compared to proton–proton collisions

observed in Jewel. In any model with information about the initiating parton flavor,

it is further possible to study the mutual irreducibility of quark- and gluon-initiated

jets in any jet observable. However, it is important to keep in mind that the topics

themselves can be extracted from data and are independent of any direct parton-level

interpretation which may aditionally arise if the parton-level definitions of quark and

gluon jets are mutually irreducible.
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Chapter 6

Rapidity Dependence of Cumulants

The work reported in this chapter is based on work done in collaboration with Swagato

Mukherjee, Krishna Rajagopal, and Yi Yin and published as an Editors Suggestion

in Physical Review C Rapid Communications [51]. The abstract can be found in

Section 2.1.

A central goal of heavy ion collision experiments is to map the QCD phase diagram

as a function of temperature 𝑇 and baryon chemical potential 𝜇𝐵 [141, 45, 33]. At

zero 𝜇𝐵, the phase diagram features a continuous crossover from quark-gluon plasma

(QGP) to ordinary hadronic matter as a function of decreasing 𝑇 [142, 143, 144, 40,

145]. Increasing 𝜇𝐵 corresponds to doping the QGP with an excess of quarks over an-

tiquarks. As in condensed matter physics, after the discovery of a new form of strongly

correlated matter, here the strongly coupled liquid called QGP, a more complete un-

derstanding requires mapping its phase diagram as a function of 𝑇 and doping. It is

an open question whether the crossover at zero doping becomes a sharp first order

phase transition as the doping 𝜇𝐵 is increased beyond some critical point [146, 33]. At

nonzero 𝜇𝐵 where lattice calculations become extremely difficult [147, 148], there are

no first-principles theoretical calculations which provide reliable guidance as to the

whether there is a critical point in the phase diagram of QCD, or its location if it does

exist [149, 150, 41, 151]. Model calculations suggest the existence of a critical point,

but disagree wildly on its location in the (𝜇𝐵, 𝑇 ) plane [41, 151]. Reducing the beam

energy increases the 𝜇𝐵 of the QGP produced in a heavy ion collision [43, 152, 153, 33]
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(principally because lower energy collisions make less entropy but also because they

deposit more of their baryon number in the plasma) but it also reduces the tem-

peratures achieved. So, these experiments can scan the crossover (and potentially

critical) regime of the phase diagram out to some value of 𝜇𝐵 corresponding to the

lowest energy collisions that reach the crossover (critical) temperature [141, 45]. If

a critical point is located in the regime that is within reach, it may be detected ex-

perimentally. The search for a critical point in the phase diagram of QCD at the

Relativistic Heavy Ion Collider (RHIC) is currently underway, with collisions at ener-

gies ranging from
√
𝑠 = 200 AGeV down to

√
𝑠 = 7.7 AGeV, producing fireballs that

freeze out with chemical potentials in the range 25 MeV . 𝜇𝐵 . 400 MeV [152, 153].

This exploration will be extended to higher 𝜇𝐵, albeit at lower temperatures, via

collisions at lower
√
𝑠 at the NICA facility [154], now under construction, and fixed

target collisions at RHIC and at the future FAIR facility [155]. Phase I of the RHIC

beam energy scan (BES-I) was completed in 2014, with no signs of a critical point for

𝜇𝐵 < 200 MeV and with tantalizing but inconclusive results at larger 𝜇𝐵, in collisions

with 19.6 AGeV ≥ √
𝑠 ≥ 7.7 AGeV [156, 157, 48, 141, 45, 146]. Phase 2 of the scan

(BES-II), to begin in 2019 [48, 146], will focus on this regime with increased luminos-

ity and consequently much higher statistics. One of the improvements planned before

BES-II is an upgrade of the inner Time Projection Chamber (iTPC) at STAR, which

will extend its rapidity acceptance for protons from |𝑦| < 0.5 in BES-I to |𝑦| < 0.8 in

BES-II [158].

The energy of a heavy ion collision sets the initial 𝑇 and 𝜇𝐵 of the QGP which is

created, with lower energy collisions being more baryon-rich. The QGP then follows a

trajectory in the (𝑇, 𝜇𝐵) plane as it expands and cools. If there is a critical point in the

QCD phase diagram within the range of 𝜇𝐵 which is accessible in the Beam Energy

Scan (BES), then at some collision energies the fireball produced may pass through or

near the critical region, while at higher (lower) collision energies the fireball produced

will pass the critical point on the low (high) 𝜇𝐵 side. The theoretical challenge is

to describe the unique signatures of this scenario which would be observable in data

from the BES.
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A critical point in a thermodynamic system is characterized by an enhanced cor-

relation length. Although the correlation length itself is not observable, because the

critical order parameter 𝜎 couples to all hadrons the 𝑛’th cumulant moments 𝜅𝑛 of the

event-by-event distribution of the measured multiplicity 𝑁 of various particle species,

for example 𝜅4[𝑁 ] = ⟨(𝛿𝑁)4⟩− 3⟨(𝛿𝑁)2⟩2, scale with powers of the correlation length

𝜉 near a critical point [47]. Protons couple more strongly to 𝜎 than pions or kaons,

making cumulants of the proton multiplicity good observables with which to look for

critical fluctuations [159, 160]. The non-Gaussian cumulants 𝜅3[𝑁 ] = ⟨(𝛿𝑁)3⟩ ∼ 𝜉9/2

and 𝜅4[𝑁 ] ∼ 𝜉7 scale with higher powers of the correlation length than the Gaussian

cumulants and are therefore more sensitive to critical behavior [47, 160]. Furthermore,

an analysis that is valid for any critical point in the same (3d Ising) universality class

has shown that 𝜅4 will also change sign near a QCD critical point [5, 161]. Non-

monotonic behavior and a sign change of the fourth cumulant as a function of the

beam energy are characteristic signatures of the presence of a critical point which can

be searched for in the RHIC BES.

The dependence of fluctuation measures on the total rapidity acceptance has been

studied before [162, 163, 164] upon assuming that 𝜇𝐵, and hence 𝜉 and 𝜅4, do not

depend on rapidity. However, the baryon density does depend non-trivially on rapid-

ity at RHIC BES energies (see e.g. Refs. [165, 166, 4]). Even at top RHIC and LHC

energies, the baryon density is significant at very large rapidity, around two units of

rapidity below that of the incident beams, although building instrumentation to make

the required measurements to explore the hot baryon-rich matter produced in this

regime presents considerable challenges [33, 165]. Since the correlation length and

fluctuations become very large near a critical point, the rapidity dependence of the

baryon density gives rise to a strong, non-trivial rapidity dependence of the cumu-

lants near a critical point which was not incorporated in previous work. Furthermore,

since each rapidity is associated with a different value of 𝜇𝐵 and therefore probes a

different part of the critical region on the phase diagram, we shall see that integrating

over the full rapidity acceptance averages out interesting features in the cumulants

which are characteristic of critical behavior. Instead, we propose that binning the
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cumulants in rapidity gives a more crisp picture of the critical regime, and demon-

strate that the rapidity dependence of these binned cumulants near mid-rapidity will

change qualitatively if a critical point is passed in the BES. We therefore propose this

observable as a complementary means by which to observe the presence of a critical

point at the BES. In particular, it provides a new, and distinctive, signature by which

to determine whether downward steps in the collision energy take us past a critical

point in the phase diagram.

Rapidity-dependence of 𝜇𝐵: In this Rapid Communication, we illustrate the

effect that the rapidity-dependence of 𝜇𝐵 at RHIC BES energies has on the rapidity-

dependence of cumulants, and propose using this toward discovering (or ruling out)

a critical point using RHIC BES data.

Since the baryon density at freezeout is symmetric in the spacetime rapidity 𝑦𝑠

for symmetric heavy-ion collisions, for small |𝑦𝑠| the deviation from boost invariance

takes the form

𝜇𝐵(𝑦𝑠) ∼ 𝜇𝐵,0 + 𝛼 𝑦2𝑠 , (6.1)

with 𝜇𝐵,0 and 𝛼 constants that depend on the beam energy
√
𝑠. We shall use this

form for illustrative purposes, noting of course that it cannot be relied upon at large

|𝑦𝑠|. As we have discussed, the basis of the BES is that downward steps in
√
𝑠 yield

upward steps in 𝜇𝐵,0. For illustrative purposes, we shall pick three values of 𝜇𝐵,0

within the BES range, and see what happens if these steps were to happen to take us

past a possible critical point. The value of 𝛼 has been measured in SPS collisions with
√
𝑠 = 17.3 AGeV, where 𝛼 = 50 MeV [166]. At this (and all higher, and some lower)

beam energies, 𝛼 > 0 because the baryon number density is peaked at roughly two

units of rapidity below the beam rapidity, meaning that it is less at 𝑦𝑠 = 0 than at

larger |𝑦𝑠| [43, 33]. In AGS collisions with
√
𝑠 = 5.5 AGeV, though, the beam rapidity

is low enough that the baryon number density is peaked at 𝑦𝑠 = 0, and 𝛼 < 0 [43].

The
√
𝑠 at which 𝛼 changes from positive to negative is not known, but is likely near

the lower end of the BES range. Ultimately, measurements of the ratios of the mean

particle number distribution for different species from the RHIC BES should be used
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to measure how 𝜇𝐵 at freezeout depends on 𝑦𝑠 at each BES collision energy, and hence

to determine the value of 𝛼 at each energy. For illustrative purposes here, we shall

investigate the consequences of choosing 𝛼 = 50 MeV at each of our three values of

𝜇𝐵,0 as well as checking how things change if we choose 𝛼 = −50 MeV instead at our

largest value of 𝜇𝐵,0.

Cumulants in the critical regime: Order parameter fluctuations near a critical

point induce fluctuations in the event-by-event particle multiplicities. Throughout

this work, we will consider the cumulants of protons, as these are expected to be

most sensitive to critical fluctuations [160]. From previous work [47, 160, 5, 163], the

contribution to the fourth cumulant of the proton multiplicity distribution coming

from critical fluctuations (denoted by the subscript 𝜎) takes the form

𝜅4[𝑁 ]𝜎 =

∫︁

x

𝐾4 𝜉
7𝑇 2

(︂
𝑔

∫︁

p

𝜒p

𝛾p

)︂4

, (6.2)

where the x-integral is a spacetime integral over the freezeout hypersurface, where

𝑇 , 𝜇𝐵 and consequently 𝜉(𝜇𝐵, 𝑇 ) and 𝐾4(𝜇𝐵, 𝑇 ) (proportional to the kurtosis of

the event-by-event distribution of the fluctuating order parameter, see below) can

take on different values at different points on the freezeout hypersurface, where 𝑔

is the 𝜎-proton-proton coupling which we set to the same benchmark value 𝑔 =

7 used in Ref. [160], where the p-integral is a momentum-space integral over the

protons at the point x, where 𝜒p = 𝑓p(1 − 𝑓p)/𝑇 if we assume local equilibrium,

with 𝑓p the Fermi-Dirac distribution boosted by the radial flow velocity at the point

x, and where 𝛾p =
√︀

p2 +𝑚2/𝑚, with 𝑚 the proton mass. We note that this

freezeout prescription allows us to convert the spacetime rapidity dependence of 𝜇𝐵

into momentum-space rapidity dependence of 𝜅4[𝑁 ]𝜎. (See eq. (6.3) below for details.)

We follow Ref. [163] and use a blast wave model to obtain the radial flow velocity

and freezeout hypersurface, taking the freezeout curve in the (𝑇, 𝜇𝐵) plane from the

fit to experimental data found in Ref. [152, 153]. Following Ref. [163], we shall make

the approximation 𝜒p ≈ 𝑓p/𝑇 and use the Boltzmann distribution for 𝑓p, allowing

us to do some of the integrals analytically.
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The shape of the dependence of 𝐾4 and 𝜉 on 𝜇𝐵 and 𝑇 are governed by universal

properties of critical fluctuations. A critical point in the QCD phase diagram, if it

exists, is known to be in the same universality class as the 3d Ising model [167, 168,

169, 44, 46]. The mapping of the Ising variables (𝑟, ℎ) onto the QCD variables (𝜇𝐵, 𝑇 )

is not universal, but for illustrative purposes we employ the widely-used assumption

[170] that the Ising 𝑟 axis (and hence the line of first order transitions) is parallel to

the QCD 𝜇𝐵 axis, and the Ising ℎ axis is parallel to the QCD 𝑇 axis. For illustrative

purposes, we shall place a hypothetical QCD critical point at 𝜇𝐵 = 260 MeV, 𝑇 =

160 MeV. The 3d Ising universality then determines 𝐾4 at some point away from the

critical point in terms of the direction in which that point lies in the (𝜇𝐵, 𝑇 ) plane,

and 𝜉 in terms of this angle, the distance away from the critical point, and one non-

universal parameter whose choice determines the contour on the phase diagram where

𝜉 = 1 fm, as illustrated in Fig. 6-1. Because once 𝜉 is less than 1 fm the magnitude

of 𝜅4 ∝ 𝜉7 is negligible, for simplicity we set 𝜉 = 0 outside the critical regime. (For

details, see Refs. [171, 160, 5, 172].)

Following Ref. [163], we cast the momentum integration in terms of the momentum-

space rapidity 𝑦 and transverse momentum 𝑝⊥, which are measured in experiment:

∫︁

p

1

𝛾p
→ 2𝑚

(2𝜋)3

∫︁ 𝑦𝑐+Δ𝑦/2

𝑦𝑐−Δ𝑦/2

𝑑𝑦

∫︁ 𝑝max

𝑝min

𝑝⊥𝑑𝑝⊥

∫︁ 2𝜋

0

𝑑𝜓 . (6.3)

We have introduced a finite acceptance in both rapidity and transverse momentum.

We will keep 𝑝min = 0.4 GeV and 𝑝max = 2 GeV throughout. We shall compute 𝜅4

using two different kinds of rapidity cuts, either varying ∆𝑦 with 𝑦𝑐 = 0, in which

case |𝑦| < 𝑦max ≡ ∆𝑦/2, or varying 𝑦𝑐 with fixed bin width ∆𝑦.

To simplify the interpretation of our results, we shall show the critical contribution

to the cumulants normalized by the average number of protons, 𝜔4,𝜎 ≡ 𝜅4[𝑁 ]𝜎/⟨𝑁⟩.
This cumulant ratio has the advantage that if the background (noncritical) contribu-

tion were Poisson-distributed it would contribute 𝜔4,𝜎 = 1, meaning that our results

in Figures 6-1 and 6-2 should be interpreted as critical contributions to be added to

a background of order 1.
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Results and conclusions: In this Section, we demonstrate that the rapidity-

dependence of 𝜇𝐵 makes the rapidity dependence of cumulants sensitive to critical

fluctuations in a way that yields distinctive, qualitative, observable consequences. In

Fig. 6-1 we first compute the dependence of the cumulant ratio 𝜔4,𝜎 on the total

rapidity acceptance 𝑦max. This dependence was studied previously in Ref. [163] upon

assuming that 𝜇𝐵 itself is constant in rapidity; we find striking consequences of the

rapidity-dependence of 𝜇𝐵. Next, motivated by the expanded rapidity coverage that

the STAR iTPC upgrade will bring, we compute 𝜔4,𝜎 for bins in rapidity, something

that has not been considered previously. We find that the rapidity dependence of the

cumulant ratio is a sensitive and interesting probe of critical behavior.

In Fig. 6-1 we consider a hypothetical set of scenarios motivated by the possibility

that there may be a QCD critical point within the energy range to be explored by the

RHIC BES. We imagine a critical point at 𝜇𝑐
𝐵 = 260 MeV, and in the first three rows

of the figure we consider heavy ion collisions with three decreasing values of the beam

energy such that freezeout at mid-rapidity occurs at 𝜇𝐵,0 = 200, 230, 240 MeV. In all

three rows, we choose 𝛼 = 50 MeV, corresponding to the measured value from SPS

collisions with
√
𝑠 = 17.3 GeV and 𝜇𝐵,0 = 237 MeV. Because a real critical point may

lie at larger 𝜇𝑐
𝐵 than this, where 𝛼 may become negative, in the fourth row we flip the

sign of 𝛼. The right column of Figure 6-1 shows 𝜔4,𝜎 binned in rapidity bins of width

∆𝑦 = 0.4 centered around 𝑦 = ±𝑦𝑐, an observable which to our knowledge has not

been considered before. This is a more sensitive observable to the unique features of

critical behavior than the dependence on the total rapidity acceptance in the center

column because it isolates contributions coming from more similar values of 𝜇𝐵, and

the correlation length and other features of the critical regime are sensitive to 𝜇𝐵

near 𝜇𝑐
𝐵. We see many interesting qualitative features in the rapidity dependence of

𝜔4,𝜎. For example, if 𝜇𝐵,0 is in the red region, where 𝜔4,𝜎 is negative and relatively

small in magnitude, larger and positive contributions to 𝜔4,𝜎 can be found at larger

rapidity. This can be seen in the middle panels of the first and second rows, but it

is much more striking in the right panels, indicating the value of binning in rapidity.

On the other hand, if 𝜇𝐵,0 lies in the blue region, in the right column the largest
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value of 𝜔4,𝜎 is obtained for the bin centered at 𝑦 = 0, with 𝜔4,𝜎 decreasing with

increasing rapidity while staying positive if 𝛼 > 0 as in the third row or decreasing

with increasing rapidity while becoming negative if 𝛼 < 0 as in the fourth row. Both

the sign change and the non-monotonic behavior in 𝜔4,𝜎, as a function of the rapidity

acceptance in the center panel of Fig. 6-1 and even more so as a function of the

rapidity bin in the right panel of Fig. 6-1 are new results of this work. They arise

from the rapidity dependence of 𝜇𝐵 at freezeout in collisions at RHIC BES energies,

and provide distinctive signatures if decreasing the beam energy in this scan takes

𝜇𝐵,0 past a critical point.

To complement Fig. 6-1, Fig. 6-2 shows the cumulant ratio 𝜔4,𝜎 binned in rapidity

for a fixed beam energy (fixed 𝜇𝐵,0) as the location of the critical point 𝜇𝑐
𝐵 is changed.

There are several features of binning the cumulants in rapidity which we believe will

make doing so an important way to probe the critical region, if a critical point is

discovered in the RHIC BES. First, 𝜔4,𝜎 increases with |𝑦𝑐| if freezeout at mid-rapidity

occurs at a 𝜇𝐵,0 that is well below 𝜇𝑐
𝐵, in the red region, whereas it will decrease with

|𝑦𝑐| if 𝜇𝐵,0 is closer to or larger than 𝜇𝑐
𝐵, in the blue region. This remains true even

if 𝛼 changes sign, as demonstrated in the bottom row of Fig. 6-1. Furthermore, a

sign change in 𝜔4,𝜎 as a function of 𝑦 will be easier to see upon binning in |𝑦𝑐| since

not doing so, as in the middle panels, can obscure it by mixing data from different

regions in rapidity. Even in cases where the sign change in 𝜔4,𝜎 is visible in the

middle column, as in the first and second rows, it happens at a lower rapidity in the

right panel than in the middle panel, making it more feasible to observe at STAR via

binning in |𝑦𝑐|.

We conclude that the rapidity-dependence of 𝜇𝐵 at RHIC energies may result in

qualitative signatures of critical fluctuations manifest in the rapidity-dependence of

the cumulant ratio 𝜔4,𝜎. Complementary to scanning the phase diagram by taking

steps in beam energy, the rapidity dependence of 𝜇𝐵 provides additional scans of

small regions of the phase diagram. We have seen that non-monotonicity and a sign

change of the critical contribution to 𝜔4,𝜎 as a function of rapidity will arise if the

BES includes energies on both sides of a critical point. Binning the cumulants in
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rapidity provides a sensitive probe of these effects. Signatures of critical behavior in

the
√
𝑠-dependence of 𝜔4,𝜎 can therefore be cross-checked by looking for qualitative

changes in the rapidity-dependence of 𝜔4,𝜎 between beam energies on either side of

the critical point. We have made arbitrary choices at many points, for illustrative

purposes. A future quantitative study should include investigation of changes to these

choices, as well as an investigation of consequences of various relevant physical effects

which we have neglected in this exploratory study. These include the consequences

of the variation of the baryon density across the fireball at a given spacetime rapidity

originating from fluctuations in baryon stopping, for example as in Ref. [4]. We note,

however, that determining the value of 𝛼 from experimental data as in Ref. [166] as

we propose, will incorporate the most important such consequence. The value of 𝛼

obtained in this way is an average over many events with fixed
√
𝑠, meaning that

it will be important in future work to assess how 𝜅4 is influenced by event-by-event

fluctuations in baryon stopping over and above their effect on the value of 𝛼. Future

studies should also include an analysis of the quantitative effects of non-equilibrium

dynamics, in particular critical slowing down, on the growth of the correlation length

and hence on the values of
√
𝑠 or 𝑦𝑐 at which the qualitative features that we have

found occur [170, 173, 174, 175]. The effects of baryon number conservation as well

as fluctuations in baryon stopping on the cumulants have been studied [176, 177] and

should be included in a quantitative model.
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Figure 6-1: In the left column we see that we have assumed the existence of a
critical point (red dot) at (𝜇𝑐

𝐵, 𝑇 ) = (260, 160) MeV whose critical region, bounded
by the contour where 𝜉 = 1 fm, is colored red and blue. The colors denote the sign
of 𝜔4,𝜎, with 𝜔4,𝜎 > 0 in blue and 𝜔4,𝜎 < 0 in red. Different rows correspond to
different assumptions for where on the phase diagram a heavy ion collision freezes
out, cf. collisions with varying beam energy. The black circles show where freezeout
occurs at mid-rapidity, from top to bottom with 𝜇𝐵,0 = 200, 230, 240, 240 MeV.
The black dashed curves show how the freezeout conditions change with increasing
spacetime rapidity, with the circle, square, and triangle indicating freezeout at 𝑦𝑠 = 0,
0.6, and 1.2, respectively.
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Figure 6-1: (coninued) In the top three rows, we have chosen 𝛼 = 50 MeV (see eq. 6.1)
while for the bottom row we have chosen 𝛼 = −50 MeV. The middle column shows
how 𝜔4,𝜎 computed for a rapidity acceptance |𝑦| < 𝑦max depends on 𝑦max. The right
column shows how 𝜔4,𝜎 computed in a pair of bins with width ∆𝑦 = 0.4 centered
at ±𝑦𝑐 depends on 𝑦𝑐. The results in the middle column sum over a wide range of
rapidities (with |𝑦| between 0 and 𝑦max) which freezeout with a range of 𝜇𝐵, meaning
that features from the left column are more directly visible in the right column than
in the middle. In both the center and right columns, the black dotted lines show
𝜔4,𝜎 with 𝛼 = 0, i.e. what would have been obtained if 𝜇𝐵 = 𝜇𝐵,0, denoted by the
black circles in the left column, everywhere. The results shown in the right and
middle column should not be taken as quantitative predictions since they depend on
the many assumptions that we made for illustrative purposes; they are illustrative of
qualitative features to be expected in the rapidity-dependence of cumulants if steps
in beam energy take us past a critical point.

Figure 6-2: We illustrate the behavior of 𝜔4,𝜎 when the freezeout conditions are as in
the first row of Figure 6-1 with 𝜇𝐵,0 = 200 MeV and 𝛼 = 50 MeV, but where here we
let the location of the critical point range from 𝜇𝑐

𝐵 = 190 MeV to 𝜇𝑐
𝐵 = 300 MeV. For

each value of 𝜇𝑐
𝐵, namely for each horizontal slice across the figure, color indicates

the value of 𝜔4,𝜎 as a function of |𝑦𝑐|, with ∆𝑦 = 0.4 fixed as in Fig. 6-1. The slice
indicated by the green dashed line corresponds to the top-right panel of Fig. 6-1. For
𝜇𝑐
𝐵 < 𝜇𝐵,0 (𝜇𝑐

𝐵 > 𝜇𝐵,0), 𝜔4,𝜎 decreases (increases) with increasing |𝑦𝑐|.
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Chapter 7

The Road Ahead

Over the last few decades, heavy-ion collisions have proven to be an important avenue

for studying the many-body physics of Quantum Chromodynamics, with exciting

and unexpected results around every corner. The physics of quark–gluon plasma

is particularly rich and necessitates a multifaceted approach to understanding its

properties. In this thesis, we have presented several avenues of recent progress on

understanding this exotic material from its fluid-like behavior, quenching of high-

energy particles, and its phase diagram. However, this is of course far from the whole

story and there is substantial work to be done in each of these directions.

In remains to be understood why hydrodynamics appears to provide a quantitative

description of the highly non-equilibrium quark–gluon plasma produced in heavy-ion

collisions. The issue is even more pronounced in smaller systems like proton–ion and

high-multiplicity proton–proton collisions, where flow-like correlations have also been

observed and described by hydrodynamics despite the fact that these systems are even

further from equilibrium. Though hydrodynamic attractors have drawn much recent

theoretical attention, their study has so far been restricted to relatively simple systems

and their implications for the emergence of hydrodynamic behavior in quark–gluon

plasma has yet to be quantified.

At the same time, measurements of jet modification in heavy-ion collisions have

become increasingly precise and differential. Regardless, the complexity of modelling

jet energy loss in heavy-ion collisions means it remains difficult to use measurements
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to discriminate between models with different energy loss mechanisms. Addressing

this will likely require concerted effort, both on improving models and developing

observables and analysis techniques that enhance the sensitivity of measurements to

salient features of models. Quantitative statements about modification effects are

especially crucial in small collision systems, where flow measurements suggest that

quark–gluon plasma may be produced but no jet modification has been observed. A

convincing discovery of quark–gluon plasma in these systems will presumably require

observing its effects both in flow measurements and in jet quenching.

A hypothetical critical point in the phase diagram of QCD is still being searched

for in the Beam Energy Scan experiment, and it remains crucial to identify observables

that are sensitive to the passage of quark–gluon plasma through a critical point. A

major problem is that the quark–gluon plasma transiting the phase diagram is far

from equilibrium, and therefore necessitates understanding signatures of criticality

for a system that is not in equilibrium.

Finally, some of the big emerging questions in the field are how these directions

are intertwined. For example, it is unknown to what extent hard processes like jets

participate in the process of equilibration and thermalization of quark–gluon plasma

in heavy-ion collisions. In principle jet energy loss and equilibration are dictated by

the same types of QCD processes, though on different scales, so it may be possible

to understand them in a unified framework. In addition, if the quark–gluon plasma

is near equilibrium at the time of freezeout, it may retain relatively little information

about its far-from-equilibrium structure. The wake of high-energy processes like jets

in the quark–gluon plasma may thus provide important phenomenological access to

the far-from-equilibrium response and the intermediate stages of equilibration.

The experimental discovery of the quark–gluon plasma was relatively recent, and

so we are only at the beginning of an exciting program of studying high temperature

QCD through the phenomenology of heavy-ion collisions. In addition to the contin-

ued data taking for the Beam Energy Scan II at STAR, there will be sPHENIX [178]

at RHIC which will be focused on physics of intermediate-energy jets, which may be

a crucial laboratory for studying the interplay of hard processes and equilibration.

96



At the LHC, there is planned heavy-ion running with higher luminosity through Run

4, and proposals for programs at the high-luminosity LHC and a Future Circular

Collider [138]. There has also recently been approval to build an electron–ion collider

at Brookhaven National Laboratory to study the structure of nuclei through deep

inelastic scattering [179]. With a wealth of upcoming measurements and new the-

oretical advancements, we look forward to exciting insights on nuclear physics and

high-temperature QCD in the coming decades.
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